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PRE-ANTI-FLEXIBLE BIALGEBRAS
MAFOYA LANDRY DASSOUNDO
Abstract. In this paper, we derive pre-anti-flexible algebras structures in term of zero weight’s Rota-
Baxter operators defined on anti-flexible algebras, view pre-anti-flexible algebras as a splitting of anti-
flexible algebras, introduce the notion of pre-anti-flexible bialgebras and establish equivalences among
matched pair of anti-flexible algebras, matched pair of pre-anti-flexible algebras and pre-anti-flexible
bialgebras. Investigation on special class of pre-anti-flexible bialgebras leads to the establishment
of the pre-anti-flexible Yang-Baxter equation. Both dual bimodules of pre-anti-flexible algebras and
dendriform algebras have the same shape and this induces that both pre-anti-flexible Yang-Baxter
equation and D-equation are identical. Symmetric solution of pre-anti-flexible Yang-Baxter equation
gives a pre-anti-flexible bialgebra. Finally, we recall and link O-operators of anti-flexible algebras
to bimodules of pre-anti-flexible algebras and built symmetric solutions of anti-flexible Yang-Baxter
equation.
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1. Introduction and Preliminaries
The notion of pre-anti-flexible algebras are introduced in [6] to derive the O-operators of anti-flexible
algebras which allow to built the skew-symmetric solutions of anti-flexible Yang-Baxter equation.
Pre-anti-flexible algebras are closed dendriform algebras which are introduced by J.-L. Loday ([11]).
Besides, pre-anti-flexible algebras can be considered as a generalization of dendriform algebras and
as very well known and widespread in the literature, dendriform algebras are also induced by the
well known notion of Rota-Baxter operators of weight zero ([2]) which are introduced around 1960s
by G. Baxter ([5]) and G.-C. Rota ([13]). Recently, significant advances contributions on Rota-
Baxter operators and related applications are summarized in [9] and the references therein. Since
dendriform algebras are closed to associative algebras, pre-anti-flexible algebras are strongly linked
to anti-flexible algebras (also known as center-symmetric algebras) and themselves associated with
Lie algebras ([10]) and other similar deduction are derived and readable in the following diagram
which summarizes underlying relations among pre-anti-flexible algebras (PAFA), anti-flexible algebras
2010 Mathematics Subject Classification. 17A20, 17D25, 16T10, 16T15, 17B38, 16T25.
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(AFA), Lie algebras (LA), associative algebras (AA), dendriform algebras (DA), and finally with what
we call derived Lie-admissible algebra of a given pre-anti-flexible algebra (DLAd-PAFA)
PAFA (A,≺,≻)
C2
tt❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥
C6

C1
// AFA (A, ·)
C5

DA (A,≺
1
,≻
1
)
C3 **❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
DLAd−PAFA (A, ◦)
C7
// LA (A, [, ]),
AA (A, ·
1
)
C4
44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
where, for any x, y, z ∈ A, the condition C1 translates x ·y = x ≺ y+x ≻ y, C2 means ≺
1
:=≺;≻
1
:=≻
and (x, y, z)m = 0, (x, y, z)l = 0, (x, y, z)r = 0 which are given by Eqs. (1.4) (trivial pre-anti-flexible
algebras are dendriform algebras), C3 describes x ·
1
y = x ≺
1
y+x ≻
1
y, C4 expresses the commutator
[x, y] = x ·
1
y− y ·
1
x, C5 translates [x, y] = x · y− y · x, C6 describes x ◦ y = x ≻ y− y ≺ x and finally
C7 expresses [x, y] = x ◦ y − y ◦ x. It is also useful to recall that any associative algebra is a trivial
anti-flexible algebra. Thus, anti-flexible algebras generalize associative algebras.
Notice here that, although the goal of this paper is not to construct a cohomology theory for
anti-flexible algebras, cohomology of associative and Lie algebras, and other algebras are well known.
Unfortunately, despite their links to associative algebras and to Lie algebras described above, anti-
flexible algebras and pre-anti-flexible algebras lack a suitable cohomology theory which can justify
certain shortcomings on anti-flexible algebras such as for instance among many other, coboundary
anti-flexible algebras and those of pre-anti-flexible algebras which are well known on associative and
Lie algebras. That said, all is not lost for avoid talking about some notions on the cohomology of anti-
flexible and pre-anti-flexible algebras. As proof, the analogue to the classical Yang-Baxter equation on
Lie algebras derived by Drinfeld ([7]), that of associative Yang-Baxter on associative algebras ([1, 3])
as well as D-equation of dendriform algebras ([3]), anti-flexible Yang-Baxter equation recovered in
special consideration of anti-flexible algebras ([6]) as well as pre-anti-flexible Yang-Baxter equation
on special class of pre-anti-flexible algebras. Furthermore, alternative D-bialgebras are also provided
and described on Cayley-Dickson matrix algebras ([8]). Besides, by keeping the spirit that dendriform
algebras are viewed as splitted associative algebras ([4]), pre-anti-flexible algebras are regarded as
splitted anti-flexible algebras and more generally, operadic definition for the notion of splitting algebra
structures are introduced and provided some equivalence with Manin products of operads in quadratic
operads ([12]).
Before straight although to the goal of this paper, recall some fundamentals which will be necessary
throughout our concern on pre-anti-flexible bialgebras. In this paper, all considered vector spaces are
finite-dimensional over a base field F whose characteristic is 0. Many derived results still hold regardless
the dimension of vector spaces on which they are stated. For this purpose, we mean by anti-flexible
algebra ([10]), a couple (A, ∗) where A is a vector space equipped with a linear product ”∗” such that
for any x, y, z ∈ A, (x, y, z) = (z, y, x), where the triple is defined as (x, y, z) := (x ∗ y) ∗ z−x ∗ (y ∗ z).
If in addition A is equipped with two linear maps l, r : A→ End(V ), where V is a vector space, such
that for any x, y ∈ A
l(x ∗ y)− l(x)l(y) = r(x)r(y)− r(y ∗ x), (1.1a)
[l(x), r(y)] = [l(y), r(x)] , (1.1b)
then the triple (l, r, V ) is called bimodule of (A, ∗).
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Theorem 1.1. [10] Let (A, ∗) and (B, ◦) be two anti-flexible algebras. Suppose that (lA, rA, B) and
(lB , rB , A) are bimodules of (A, ∗) and (B, ◦), respectively, where lA, rA : A → End(B) and lB , rB :
B → End(A) are four linear maps and obeying the relations, for any x, y ∈ A and for any a, b ∈ B,
lB(a)(x ∗ y) + rB(a)(y ∗ x)− rB(lA(x)a)y − y ∗ (rB(a)x)− lB(rA(x)a)y − (lB(a)x) ∗ y = 0, (1.2a)
lA(x)(a ◦ b) + rA(x)(b ◦ a)− rA(lB(a)x)b− b ◦ (rA(x)a) + lA(rB(a)x)b− (lA(x)a) ◦ b = 0, (1.2b)
y ∗ (lB(a)x) + (rB(a)x) ∗ y − (rB(a)y) ∗ x− lB(lA(y)a)x+
rB(rA(x)a)y + lB(lA(x)a)y − x ∗ (lB(a)y) − rB(rA(y)a)x = 0,
(1.2c)
b ◦ (lA(x)a) + (rA(x)a) ◦ b− (rA(x)b) ◦ a− lA(lB(b)x)a+
rA(rB(a)x)b+ lA(lB(a)x)b− a ◦ (lA(x)b)− rA(rB(b)x)a = 0.
(1.2d)
Then, there is an anti-flexible algebra structure on A⊕B given by for any x, y ∈ A and any a, b ∈ B
(x+ a) ⋆ (y + b) = (x ∗ y + lB(a)y + rB(b)x) + (a ◦ b+ lA(x)b+ rA(y)a).
Definition 1.2. [6] A pre-anti-flexible algebra is a vector space A equipped with two bilinear products
≺,≻: A⊗A→ A satisfying the following relations
(x, y, z)m = (z, y, x)m , ∀x, y, z ∈ A, (1.3a)
(x, y, z)
l
= (z, y, x)r , ∀x, y, z ∈ A, (1.3b)
where for any x, y, z ∈ A,
(x, y, z)m := (x ≻ y) ≺ z − x ≻ (y ≺ z), (1.4a)
(x, y, z)
l
:= (x · y) ≻ z − x ≻ (y ≻ z), (1.4b)
(x, y, z)r := (x ≺ y) ≺ z − x ≺ (y · z), (1.4c)
with x · y = x ≺ y + x ≻ y.
Equivalently, a pre-anti-flexible algebra is a triple (A,≺,≻) such that A is a vector space and
≺,≻: A×A→ A are two linear maps satisfying the relations for any x, y, z ∈ A
(x ≻ y) ≺ z − x ≻ (y ≺ z) = (z ≻ y) ≺ x− z ≻ (y ≺ x), (1.5a)
(x ≺ y + x ≻ y) ≻ z − x ≻ (y ≻ z) = (z ≺ y) ≺ x− z ≺ (y ≺ x+ y ≻ x). (1.5b)
Example 1.3. For a given associative (A, ∗), setting for any x, y ∈ A, x ≻ y = x∗y (or x ≻ y = y ∗x)
and x ≺ y = 0, then (A,≺,≻) is a pre-anti-flexible algebra. Similarly, (A,≺,≻) is a pre-anti-flexible
algebra by setting for any x, y ∈ A, x ≺ y = x ∗ y (or x ≺ y = y ∗ x) and x ≻ y = 0.
Remark 1.4. Let (A,≺,≻) be a pre-anti-flexible algebra.
(a) It is well known that the couple (A, ·) is an anti-flexible algebra ([6]), where for any x, y ∈ A,
x · y = x ≺ y + x ≻ y, i.e. (x, y, z) = (z, y, x), and we will denote this anti-flexible algebra by
aF (A) call it underlying anti-flexible algebra of the pre-anti-flexible algebra (A,≺,≻).
(b) As we can see, if both sides of equality in the Eqs. (1.5a) and (1.5b) are zero i.e. for any
x, y, z ∈ A, (x, y, z)m = 0, (x, y, z)l = 0 and (x, y, z)r = 0, then (A,≺,≻) is a dendriform
algebra i.e. the couple (A,≺,≻) such that for any x, y, z ∈ A,
(x ≻ y) ≺ z − x ≻ (y ≺ z) = 0,
(x ≺ y + x ≻ y) ≻ z − x ≻ (y ≻ z) = 0,
(x ≺ y) ≺ z − x ≺ (y ≺ z + y ≻ z) = 0,
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introduced by J.-L. Loday ([11]). Clearly, dendriform algebra is a pre-anti-flexible algebra and
then pre-anti-flexible algebras can viewed as a generalization of dendriform algebras.
Throughout this paper, if there is no other consideration, for any x, y ∈ A, x ∗ y or x · y will simply
written by xy. Furthermore, underlying anti-flexible algebra structure of a given pre-anti-flexible
algebra will generally denote by ”·” as in Remark 1.4 (a). Moreover, for a given pre-anti-flexible
algebra (A,≺,≻), we denote by L≺, R≺ : A → End(A) the left and right multiplication operators,
respectively, on (A,≺) and similarly by L≻, R≻ : A → End(A) these on (A,≻) which are defined as
∀x, y ∈ A,
L
≺
(x)y = x ≺ y, R
≺
(x)y = y ≺ x, L
≻
(x)y = x ≻ y, R
≻
(x)y = y ≻ x.
Theorem 1.5. [6] Let (A, ∗) be an anti-flexible algebra equipped with a non-degenerate bilinear form
ω : A⊗A→ F satisfying
ω(x ∗ y, z) + ω(y ∗ z, x) + ω(z ∗ x, y) = 0, ∀x, y ∈ A. (1.6)
Then there is a pre-anti-flexible algebra structure ”≺,≻” defined on A satisfying the following relation,
for any x, y, z ∈ A,
ω(x ≺ y, z) = ω(x, y ∗ z), ω(x ≻ y, z) = ω(y, z ∗ x). (1.7)
To make this introductory section devoted to fundamentals necessary for addressed main issues as
short as possible, we end it by outlined the content of this article as follows. In section 2, we prove and
generalize that Rota-Baxter operators on an anti-flexible algebras induce pre-anti-flexible algebras. In
Section 3, we study bimodules and matched pairs of pre-anti-flexible algebras. Precisely, we derive the
dual bimodules of bimodules of an pre-anti-flexible algebras. In Section 4, we establish the equivalences
among matched pair of the underlying anti-flexible algebras of pre-anti-flexible algebras, matched pair
of pre-anti-flexibles algebras, and to pre-anti-flexible bialgebras. In Section 5, we rule on a special
class of pre-anti-flexible bialgebras which lead to the introduction of the pre-anti-flexible Yang-Baxter
equation. A symmetric solution of the pre-anti-flexible Yang-Baxter equation gives a such pre-anti-
flexible bialgebra. Finally in Section 6, we recall the notions of O-operators of anti-flexible algebras and
intertwine this notion to that of bimodules of pre-anti-flexible algebras and use the relationships among
them to provide the symmetric solutions of pre-anti-flexible Yang-Baxter equation in pre-anti-flexible
bialgebras.
2. Rota-Baxter operators and pre-anti-flexible algebras
In this section, we are going to express pre-anti-flexible algebras in terms of Rota-Baxter operator
of weight zero defined on anti-flexible algebras.
Definition 2.1. Let (A, ∗) be an anti-flexible algebra. A Rota-Baxter operator (RB) of weight zero
on A is a linear operator RB : A→ A satisfying
RB(x) ∗ RB(y) = RB(x ∗ RB(y) + RB(x) ∗ y), ∀x, y ∈ A. (2.1)
Theorem 2.2. Let (A, ∗) be an anti-flexible algebra equipped with a linear map α : A→ A. Consider
the bilinear products ”≺,≻” given by for any x, y ∈ A,
x ≻ y = α(x) ∗ y, x ≺ y = x ∗ α(y). (2.2)
Then the triple (A,≺,≻) is a pre-anti-flexible algebra if and only if for any x, y, z ∈ A,
(α(x) ∗ α(y)− α(x ∗ α(y) + α(x) ∗ y)) ∗ z + z ∗ (α(y) ∗ α(x)− α(y ∗ α(x) + α(y) ∗ x)) = 0. (2.3)
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Proof. For any x, y, z ∈ A, we have
(x, y, z)m = (α(z), y, α(x)) = (α(x), y, α(z)) = (z, y, x)m.
Thus the bilinear products given by Eq. (2.2) satisfy Eq. (1.3a).
Besides, we have
(x, y, z)l = −(α(x) ∗ α(y) − α(x ∗ α(y) + α(x) ∗ y)) ∗ z + (z, α(y), α(x))
and
(z, y, x)r = z ∗ (α(y) ∗ α(x) − α(y ∗ α(x) + α(y) ∗ x)) + (α(x), α(y), z).
Therefore, Eq. (1.3b) is equivalent to Eq. (2.3). 
It is obvious to remark that the previous theorem generalizes the following corollary which links
Rota-Baxter operators to pre-anti-flexible algebras.
Corollary 2.3. If α : A→ A is a Rota-Baxter operator defined on an anti-flexible algebra (A, ∗) i.e.
α is a linear map satisfies Eq. (2.1), then there is a pre-anti-flexible algebra structure ”≺,≻” on A
given by Eq. (2.2).
3. Bimodules and matched pair of pre-anti-flexible algebras
In this section, we provide bimodules and dual bimodules of pre-anti-flexible algebras. We also
introduce matched pair of pre-anti-flexible algebras and equivalently link them to a matched pair of
their underlying anti-flexible algebras. Finally, we define anti-flexible bialgebras and establish related
identities.
Definition 3.1. Let (A,≺,≻) be a pre-anti-flexible algebra and V be a vector space. Consider the
four linear maps l
≻
, l
≺
, r
≻
, r
≺
: A→ End(V ). The quintuple (l
≻
, r
≻
, l
≺
, r
≺
, V ) is called a bimodule of
(A,≺,≻) if for any x, y ∈ A,
[r
≺
(x), l
≻
(y)] = [r≺(y), l≻(x)], (3.1a)
l
≺
(x ≻ y)− l
≻
(x)l
≺
(y) = r
≺
(x)r
≻
(y)− r
≻
(y ≺ x), (3.1b)
l
≻
(x · y)− l
≻
(x)l
≻
(y) = r
≺
(x)r
≺
(y)− r
≺
(y · x), (3.1c)
r
≻
(x)l·(y)− l≻(y)r≻(x) = r≺(y)l≺(x)− l≺(x)r·(y), (3.1d)
r
≻
(x)r·(y)− r≻(y ≻ x) = l≺(x ≺ y)− l≺(x)l·(y), (3.1e)
where, x · y = x ≺ y + x ≻ y, l
·
= l
≺
+ l
≻
and r
·
= r
≺
+ r
≻
.
Proposition 3.2. Let (A,≺,≻) be a pre-anti-flexible algebra and V be a vector space. Consider the
four linear maps l
≻
, l
≺
, r
≻
, r
≺
: A → End(V ). The quintuple (l
≻
, r
≻
, l
≺
, r
≺
, V ) is called a bimodule
of (A,≺,≻) if and only if there is a pre-anti-flexible algebra defined on A ⊕ V by for any x, y ∈ A,
u, v ∈ V ,
(x+ u) ≺′ (y + v) = x ≺ y + l
≺
(x)v + r
≺
(y)u,
(x+ u) ≻′ (y + v) = x ≻ y + l
≻
(x)v + r
≻
(y)u,
(3.2)
and (x+ u) ·′ (y + v) = (x+ u) ≺′ (y + v) + (x+ u) ≻′ (y + v).
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Proof. According to Eq. (3.2) we have for any x, y, z ∈ A and for any u, v, w ∈ V ,
(x+ u, y + v, z + w)m = ((x+ u) ≻
′ (y + v)) ≺′ (z + w)− (x+ u) ≻′ ((y + v) ≺′ (z + w))
= (x, y, z)m + {l≺(x ≻ y)− l≻(x)(l≺(y))}w
+ {r
≺
(z)l
≻
(x)− l
≻
(x)r
≺
(z)}v + {r
≺
(z)r
≻
(y)− r
≺
(y ≺ z)}u.
(x+ u, y + v, z + w)
l
= ((x+ u) ·′ (y + v)) ≻′ (z + w)− (x+ u) ≻′ ((y + v) ≻′ (z + w))
= (x, y, z)
l
+ {l·(x · y)− l≻(x)l≻(y)}w
+ {r
≻
(z)l·(x)− l≻(x)r≻(z)}v + {r≻(z)r·(y)− r≻(y ≻ z)}u.
(x+ u, y + v, z + w)r = ((x+ u) ≺
′ (y + v)) ≺′ (z + w)− (x+ u) ≺′ ((y + v) ·′ (z + w))
= (x, y, z)r + {l≺(x ≺ y)− l≺(x)l·(y)}w
+ {r
≺
(z)l
≺
(x)− l
≺
(x)r·(z)}v + {r≺(z)r≺(y)− r≺(y · z)}u.
If in addition the four linear maps l
≻
, l
≺
, r
≻
, r
≺
satisfy Eqs. (3.1a) - (3.1e), then for any x, y, z ∈ A,
and for any u, v, w ∈ V the following conditions are satisfied,
(x+ u, y + v, z +w)m = (z + w, y + v, x+ u)m , (x+ u, y + v, z + w)l = (z + w, y + v, x+ u)r .
Therefore, holds the equivalence. 
In the following of this paper, for a given pre-anti-flexible algebra (A,≺,≻), a vector space V and
a linear map ϕ : A→ End(V ), its dual linear map is defined as ϕ∗ : A→ End(V ∗) by
〈ϕ∗(x)u∗, v〉 = 〈u∗, ϕ(x)v〉, ∀x ∈ A, v ∈ V, u∗ ∈ V ∗, (3.3)
where 〈, 〉 is the usual pairing between V and V ∗. In addition, we also denote by σ a linear map from
V ⊗ V into itself or from V ∗ ⊗ V ∗ into itself define by for any u, v ∈ V , u∗, v∗ ∈ V ∗, σ(u⊗ v) = v ⊗ u
and σ(u∗ ⊗ v∗) = v∗ ⊗ u∗.
Proposition 3.3. Let (l
≻
, r
≻
, l
≺
, r
≺
, V ) be a bimodule of a pre-anti-flexible algebra (A,≺,≻), where
V is a vector space and l
≻
, l
≺
, r
≻
, r
≺
: A→ End(V ) are four linear maps. We have:
(a) (l
≻
, 0, 0, r
≺
, V ) , (r∗
≺
, l∗
≺
, l∗
≻
, r∗
≻
, V ∗)and (r∗
≺
, 0, 0, l∗
≻
, V ∗) are bimodules of the pre-anti-flexible
algebra (A,≺,≻),
(b) (l·, r·, V ), (l≻ , r≺ , V ), (r
∗
·
, l∗
·
, V ∗) and (r∗
≺
, l∗
≻
, V ∗) are bimodules of the underlying anti-flexible
algebra aF (A) of (A,≺,≻),
where, l
≻
+ l
≺
= l·, r≻ + r≺ = r·.
Proof. It is well known that aF (A) is an anti-flexible algebra.
(a) Since (l
≻
, r
≻
, l
≺
, r
≺
, V ) is a bimodule of the pre-anti-flexible algebra (A,≺,≻), then the four
linear maps l
≻
, l
≺
, r
≻
, r
≺
: A → End(V ) satisfy Eqs. (3.1a) - (3.1e) which still satisfied by
setting l
≺
= 0 and r
≻
= 0. Thus (l
≻
, 0, 0, r
≺
, V ) is a bimodule of the pre-anti-flexible algebra
(A,≺,≻). Furthermore, using Eq. (3.3), we deduce that (r∗
≺
, l∗
≺
, l∗
≻
, r∗
≻
, V ∗) and (r∗
≺
, 0, 0, l∗
≻
, V ∗)
are also bimodules of the pre-anti-flexible algebra (A,≺,≻).
(b) Since the four linear maps l
≻
, l
≺
, r
≻
, r
≺
: A → End(V ) satisfy Eqs. (3.1a) - (3.1e), then both
linear maps l
≻
and r
≺
satisfy Eqs. (3.1a) and (3.1c) which is exactly Eqs. (1.1b) and (1.1a),
respectively. Thus (l
≻
, r
≺
, V ) is a bimodule of aF (A). In view Eqs. (3.1a) and (3.1d), we have
for any x, y ∈ A,
[l
·
(x), r
·
(y)]− [l
·
(y), r
·
(x)] = {l
≺
(x)r
·
(y) + r
≻
(x)l
·
(y)− l
≻
(y)r
≻
(x)− r
≺
(y)l
≺
(x)}
− {l
≺
(y)r
·
(x) + r
≻
(y)l
·
(x)− l
≻
(x)r
≻
(y)− r
≺
(x)l
≺
(y)}
+ {[l
≻
(x), r
≺
(y)]− [l
≻
(y), r
≺
(x)]} = 0.
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In addition, considering Eqs. (3.1b), (3.1c) and (3.1e), we have for any x, y ∈ A,
l
·
(x · y)− l
·
(x)l
·
(y)− r
·
(x)r
·
(y) + r
·
(y · x) = {l
≻
(x · y)− l
≻
(x)l
≻
(y)− r
≺
(x)r
≺
(y)
+ r
≺
(y · x)}+ {l
≺
(x ≻ y)− l
≻
(x)l
≺
(y)
+ r
≻
(y ≺ x)− r
≺
(x)r
≻
(y)}+ {l
≺
(x ≺ y)
+ r
≺
(y ≻ x)− l
≺
(x)l
·
(y)− r
≻
(x)r
·
(y)} = 0.
Therefore both (l
·
, r
·
, V ) and (l
≻
, r
≺
, V ) are bimodules of aF (A). According to Eq. (3.3), both
(r∗
·
, l∗
·
, V ∗) and (r∗
≺
, l∗
≻
, V ∗) are bimodules of aF (A).

Example 3.4. Consider a pre-anti-flexible algebra (A,≺,≻). We have (L
≺
, R
≺
, L
≻
, R
≻
, A) and
(L
≻
, 0, 0, R
≺
, A) are bimodules of (A,≺,≻). Besides, (R∗
≺
, L∗
≺
, L∗
≻
, R∗
≻
, A∗) and (R∗
≺
, 0, 0, L∗
≻
, A∗) are
also bimodules of the pre-anti-flexible algebra (A,≺,≻).
Remark 3.5. For a given bimodule (l
≻
, r
≻
, l
≺
, r
≺
, V ) of a pre-anti-flexible algebra (A,≺,≻) we have
(a) If both side of Eqs. (3.1a) - (3.1e) are zero i.e. the linear maps l
≻
, l
≺
, r
≻
, r
≺
satisfy
r
≺
(x)l
≻
(y) = l
≻
(y)r
≺
(x), l
≺
(x ≻ y) = l
≻
(x)l
≺
(y), r
≺
(x)r
≻
(y) = r
≻
(y ≺ x),
l
≻
(x · y) = l
≻
(x)l
≻
(y), r
≺
(x)r
≺
(y) = r
≺
(y · x), r
≻
(x)l·(y) = l≻(y)r≻(x),
r
≺
(y)l
≺
(x) = l
≺
(x)r·(y), r≻(x)r·(y) = r≻(y ≻ x), l≺(x ≺ y) = l≺(x)l·(y),
with l· = l≻ + l≺ and r· = r≻ + r≺ .
(b) For any x, y ∈ A we have
L·(x)L·(y) +R·(x)R·(y) = (L≺(x) + L≻(x))(L≺(y) + L≻(y)) + (R≺(x) +R≻(x))(R≺(y) +R≻(y))
= (L≻(x)L≻(y) +R≺(x)R≺(y)) + (L≻(x)L≺(y) + L≺(x)R≻(y))
+ (L≺(x)L≻(y) + L≺(x)L≺(y) + (R≻(x)R≻(y) +R≻(x)L≺(y))
L·(x)L·(y) +R·(x)R·(y) = L·(x · y) +R·(y · x) (3.4)
(c) Besides, for any x, y ∈ A
[L·(x), R·(y)]− [L·(y), R·(x)] = {L≺(x)R·(y) +R≻(x)L·(y)− L≻(y)R≻(x)−R≺(y)L≺(x)}
− {L
≺
(y)R
·
(x) +R
≻
(y)L
·
(x)− L
≻
(x)R
≻
(y)−R
≺
(x)L
≺
(y)}
+ {[L
≻
(x), R
≺
(y)]− [L
≻
(y), R
≺
(x)]} = 0 (3.5)
(d) Both dendriform and pre-anti-flexible algebras have the same shape of dual bimodules. This
fact induces some consequences which we will derive and explain in the following of this paper.
Theorem 3.6. Let (A,≺
A
,≻
A
) be a pre-anti-flexible algebra. Suppose there is a pre-anti-flexible
algebra structure ”≺
A∗
,≻
A∗
” on A∗. The following statements are equivalent:
(a) (R∗
≺
A
, L∗
≻
A
, R∗
≺
A∗
, L∗
≻
A∗
, A,A∗) is a matched pair of anti-flexible algebras aF (A) and aF (A∗).
(b) There exists an anti-flexible algebra structure on A⊕A∗ given by for any x, y ∈ A and for any
a, b ∈ A∗,
(x+ a) ⋆ (y + b) = (x · y +R∗
≺
A
(a)y + L∗
≻
A
(b)x) + (a ◦ b+R∗
≺
A∗
(x)b+ L∗
≻
A∗
(y)a), (3.6)
where x · y = x ≺
A
y + x ≻
A
y, a ◦ b = a ≺
A∗
b + a ≻
A∗
b, and a non-degenerate closed
skew-symmetric bilinear form ω defined on A ⊕ A∗ given by for any x, y ∈ A and for any
a, b ∈ A∗,
ω(x+ a, y + b) = 〈x, b〉 − 〈y, a〉. (3.7)
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Proof. Let (A,≺
A
,≻
A
) be a pre-anti-flexible algebra. Suppose there is a pre-anti-flexible algebra
structure ”≺
A∗
,≻
A∗
” on A∗.
(a) =⇒ (b) Suppose that (R∗
≺
A
, L∗
≻
A
, R∗
≺
A∗
, L∗
≻
A∗
, A,A∗) is a matched pair of anti-flexible algebras aF (A)
and aF (A∗). Then, there is an anti-flexible algebra structure ”⋆” on A⊕A∗ given by for any
x, y ∈ A and for any a, b,∈ A∗,
(x+ a) ⋆ (y + b) = (x · y +R∗
≺
A
(a)y + L∗
≻
A
(b)x) + (a ◦ b+R∗
≺
A∗
(x)b+ L∗
≻
A∗
(y)a),
where, ∀x, y ∈ A, ∀a, b ∈ A∗,
x · y = x ≺
A
y + x ≻
A
y, a ◦ b = a ≺
A∗
b+ a ≻
A∗
b.
Besides, considering the skew-symmetric bilinear form ω defined on A ⊕ A∗ by Eq. (3.7), we
have for any x, y ∈ A and for any a, b ∈ A∗,
ω((x+ a) ⋆ (y + b), (z + c)) + ω((y + b) ⋆ (z + c), (x+ a)) + ω((z + c) ⋆ (x+ a), (y + b))
= 〈x · y, c〉 + 〈y, c ≺
A∗
a〉+ 〈x, b ≻
A∗
c〉 − 〈z, a ◦ b〉 − 〈z ≺
A
x, b〉 − 〈y ≻
A
z, a〉
+〈y · z, a〉+ 〈z, a ≺
A∗
b〉+ 〈y, c ≻
A∗
a〉 − 〈x, b ◦ c〉 − 〈x ≺
A
y, c〉 − 〈z ≻
A
x, b〉
+〈z · y − x, b〉+ 〈x, b ≺
A∗
c〉+ 〈z, a ≻
A∗
b〉 − 〈y, c ◦ a〉 − 〈y ≺
A
z, a〉 − 〈x ≻
A
y, c〉 = 0.
Clearly, ω is closed and ω(A,A) = 0 = ω(A∗, A∗), then (A, ·) and (A∗, ◦) are Lagrangian
anti-flexible subalgebras of the anti-flexible algebra (A⊕A∗, ⋆).
(b) =⇒ (a) Suppose that there exists an anti-flexible algebra structure ”⋆” on A⊕A∗ given by Eq. (3.6) and
a non-degenerate closed skew-symmetric bilinear form on A⊕A∗ given by Eq. (3.7). Accord-
ing to Proposition 3.3 the triple (R∗
≺
A
, L∗
≻
A
, A∗) is a bimodule of aF (A) and (R∗
≺
A∗
, L∗
≻
A∗
, A)
is a bimodule of aF (A∗), thus ”⋆” defines an anti-flexible algebra structure on A ⊕ A∗ if
(R∗
≺
A
, L∗
≻
A
, R∗
≺
A∗
, L∗
≻
A∗
, A,A∗) is a matched pair of the anti-flexible algebras aF (A) and
aF (A∗).
Therefore, holds the conclusion. 
Theorem 3.7. Let (A,≺
A
,≻
A
) and (B,≺
B
,≻
B
) be two pre-anti-flexible algebras. Suppose that
there are four linear maps l
≻A
, r
≻A
, l
≺A
, r
≺A
: A → End(B) such that (l
≻A
, r
≻A
, l
≺A
, r
≺A
, B) is a
bimodule of (A,≺
A
,≻
A
) and another four linear maps l
≻B
, r
≻B
, l
≺B
, r
≺B
: B → End(A) such that
(l
≻B
, r
≻B
, l
≺B
, r
≺B
, A) is a bimodule of (B,≺
B
,≻
B
). If in addition the eight linear maps l
≻A
, r
≻A
, l
≺A
,
r
≺A
, l
≻B
, r
≻B
, l
≺B
, and r
≺B
satisfying the relations, for any x, y ∈ A, and for any a, b ∈ B,
(l
≻B
(a)x) ≺
A
y + l
≻
B
(r
≻A
(x)a)y − l
≻B
(a)(x ≺
A
y) =
r
≺
B
(a)(y ≻
A
x)− y ≻
A
(r
≺
B
(a)x)− r
≻
B
(l
≺
A
(x)a)y, (3.8a)
(l
≻
A
(x)b) ≺
B
a+ l
≺
A
(r
≻
B
(b)x)a− l
≻
A
(x)(b ≺
B
a) =
r
≺
A
(x)(a ≻
B
b)− a ≻
B
(r
≺
A
(x)b)− r
≻
A
(l
≺
B
(b)x)a, (3.8b)
(l
·B
(a)x) ≻
A
y + l
≻
B
(r
·A
(x)a)y − l
≻B
(a)(x ≻
A
y) =
r
≺
B
(a)(y ≺
A
x)− y ≺
A
(r·
B
(a)x)− r
≺
B
(l·
A
(x)a)y, (3.8c)
r
≻B
(a)(x ·
A
y)− x ≻
A
(r
≻B
(a)y)− r
≻B
(l
≻A
(y)a)x =
(l
≺
B
(a)y) ≺
A
x+ l
≺
B
(r
≺
A
(y)a)x− l
≺
B
(a)(y ·
A
x), (3.8d)
(l
·A
(x)b) ≻
B
a+ l
≻
A
(r
·B
(b)x)a− l
≻A
(x)(b ≻
B
a) =
r
≺
A
(x)(a ≺
B
b)− a ≺
B
(r·
A
(x)b)− r
≺
A
(l·
B
(b)x)a, (3.8e)
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r
≻A
(x)(a ·
B
b)− a ≻
B
(r
≻A
(x)b)− r
≻A
(l
≻B
(b)x)a =
(l
≺
A
(x)b) ≺
A
a+ l
≺
A
(r
≺
B
(b)x)a− l
≺
A
(x)(b ·
B
a), (3.8f)
(r
≻B
(a)x) ≺
A
y + l
≺B
(l
≻A
(x)a)y − x ≻
A
(l
≺
B
(a)y)− r
≻
B
(r
≺
A
(y)a)x =
(r
≻B
(a)y) ≺
A
x+ l
≺B
(l
≻A
(y)a)x− y ≻
A
(l
≺
B
(a)x)− r
≻
B
(r
≺
A
(x)a)y, (3.8g)
(r
≻A
(x)a) ≺
B
b+ l
≺A
(l
≻B
(a)x)b− a ≻
B
(l
≺
A
(x)b) − r
≻
A
(r
≺
B
(b)x)a =
(r
≻A
(x)b) ≺
B
a+ l
≺A
(l
≻B
(b)x)a− b ≻
B
(l
≺
A
(x)a)− r
≻
A
(r
≺
B
(a)x)b, (3.8h)
(r·
B
(a)x) ≻
A
y + l
≻B
(l
·
A
(x)a)y − x ≻
A
(l
≻
B
(a)y)− r
≻
B
(r
≻
A
(y)a)x =
(r
≺B
(a)y) ≺
A
x+ l
≺
B
(l
≺
A
(y)a)x− y ≺
A
(l·
B
(a)x)− r
≺
B
(r·
A
(x)a)y, (3.8i)
(r·
A
(x)a) ≻
B
b+ l
≻A
(l
·
B
(a)x)b − a ≻
B
(l
≻
A
(x)b)− r
≻
A
(r
≻
B
(b)x)a =
(r
≺A
(x)b) ≺
B
a+ l
≺
A
(l
≺
B
(b)x)a− b ≺
B
(l·
A
(x)a)− r
≺
A
(r·
B
(a)x)b, (3.8j)
there is a pre-anti-flexible product on A⊕B given by, for any x, y ∈ A, and for any a, b ∈ B,
(x+ a) ≺ (y + b) = {x ≺
A
y + l
≺
B
(a)y + r
≺
B
(b)x} + {a ≺
B
b+ l
≺
A
(x)b+ r
≺
A
(y)a},
(x+ a) ≻ (y + b) = {x ≻
A
y + l
≻
B
(a)y + r
≻
B
(b)x} + {a ≻
B
b+ l
≻
A
(x)b+ r
≻
A
(y)a},
(3.9)
where for any x, y,∈ A and any a, b ∈ B,
x ·
A
y = x ≺
A
y + x ≻
A
y, l·
A
= l
≺A
+ l
≻A
, r·
A
= r
≺A
+ r
≻A
,
a ·
B
b = a ≺
B
b+ a ≻
B
b, l·
B
= l
≺B
+ l
≻B
, r·B = r≺B + r≻B .
Proof. Let (A,≺
A
,≻
A
) and (B,≺
B
,≻
B
) be two pre-anti-flexible algebras. Suppose in addition that
(l
≻A
, r
≻A
, l
≺A
, r
≺A
, B) is a bimodule of (A,≺
A
,≻
A
) and (l
≻B
, r
≻B
, l
≺B
, r
≺B
, A) is a bimodule of (B,≺
B
,≻
B
), where l
≻B
, r
≻B
, l
≺B
, r
≺B
: B → End(A) and l
≻A
, r
≻A
, l
≺A
, r
≺A
: A → End(B) are eight linear
maps. Considering the product given in Eq. (3.9), we have for any x, y, z ∈ A and any a, b, c ∈ B,
(x+ a, y + b, z + c)m = (x, y, z)m + (a, b, c)m + {l≺B (a ≻B b)z − l≻B(a)(l≺B (b)z)}
+ {(l
≻B
(a)y) ≺
A
z + l
≻B
(r
≻A
(y)a)z − l
≻B
(a)(y ≺
A
z)}
+ {r
≺
B
(c)(x ≻
A
y)− x ≻
A
(r
≺
B
(c)y)− r
≻
B
(l
≺
A
(y)c)x}
+ {r
≺
A
(z)(a ≻
B
b)− a ≻
B
(r
≺
A
(z)b) − r
≻
A
(l
≺
B
(b)z)a}
+ {(l
≻
A
(x)b) ≺
B
c+ l
≺
A
(r
≻
B
(b)x)c− l
≻
A
(x)(b ≺
B
c)}
+ {r
≺
B
(c)(l
≻
B
(a)y) − l
≻
B
(a)(r
≺
B
(c)y)} + {(r
≻B
(b)x) ≺
A
z
+ l
≺B
(l
≻A
(x)b)z − x ≻
A
(l
≺
B
(b)z)− r
≻
B
(r
≺
A
(z)b)x}
+ {r
≺
A
(z)(r
≻
A
(y)a)− r
≻
A
(y ≺
A
z)a}+ {(r
≻A
(y)a) ≺
B
c
+ l
≺A
(l
≻B
(a)y)c − a ≻
B
(l
≺
A
(y)c)− r
≻
A
(r
≺
B
(c)y)a}
+ {r
≺
B
(c)(r
≻
B
(b)x) − r
≻
B
(b ≺
B
c)x}
+ {l
≺A
(x ≻
A
y)c− l
≻A
(x)(l
≺A
(y)c)} + {r
≺
A
(z)(l
≻
A
(x)b)− l
≻
A
(x)(r
≺
A
(z)b)}
(x+ a, y + b, z + c)
l
= (x, y, z)
l
+ (a, b, c)
l
+ {r
≻
A
(z)(r·A(y)a)− r≻A
(y ≻
A
y)a}
+ {(l
·B
(a)y) ≻
A
z + l
≻
B
(r
·A
(y)a)z − l
≻B
(a)(y ≻
A
z)}
+ {r
≻B
(c)(x ∗
A
y)− x ≻
A
(r
≻B
(c)y) − r
≻B
(l
≻A
(y)c)x}
+ {(l
·A
(x)b) ≻
B
c+ l
≻
A
(r
·B
(b)x)c− l
≻A
(x)(b ≻
B
c)}
+ {r
≻A
(z)(a ·
B
b)− a ≻
B
(r
≻A
(z)b) − r
≻A
(l
≻B
(b)z)a}
+ {l
≻B
(a ·
B
b)z − l
≻
B
(a)(l
≻
B
(b)z)} + {(r·
B
(b)x) ≻
A
z
+ l
≻B
(l
·
A
(x)b)z − x ≻
A
(l
≻
B
(b)z)− r
≻
B
(r
≻
A
(z)b)x}
+ {l
≻A
(x ·
A
y)c− l
≻
A
(x)(l
≻
A
(y)c)} + {(r·
A
(y)a) ≻
B
c
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+ l
≻A
(l
·
B
(a)y)c − a ≻
B
(l
≻
A
(y)c)− r
≻
A
(r
≻
B
(c)y)a}
+ {r
≻
B
(c)(l
·B
(a)y)− l
≻B
(a)(r
≻B
(c)y)}
+ {r
≻
B
(c)(r
·B
(b)x)− r
≻
B
(b ≻
B
c)x}+ {r
≻
A
(z)(l
·A
(x)b)− l
≻A
(x)(r
≻A
(z)b)}
(z + c, y + b, x+ a)r = (z, y, x)r + (c, b, a)r + {r≺
B
(a)(r
≺
B
(b)z) − r
≺
B
(b ∗
B
a)z}
+ {(l
≺
B
(c)y) ≺
A
x+ l
≺
B
(r
≺
A
(y)c)x − l
≺
B
(c)(y ·
A
x)}
+ {r
≺
B
(a)(z ≺
A
y)− z ≺
A
(r·
B
(a)y)− r
≺
B
(l·
A
(y)a)z}
+ {(l
≺
A
(z)b) ≺
A
a+ l
≺
A
(r
≺
B
(b)z)a − l
≺
A
(z)(bAst
B
a)}
+ {r
≺
A
(x)(c ≺
B
b)− c ≺
B
(r·
A
(x)b)− r
≺
A
(l·
B
(b)x)c}
+ {l
≺
B
(c ≺
B
b)x− l
≺
B
(c)(l
·
B
(b)c)} + {(r
≺B
(b)z) ≺
A
x
+ l
≺
B
(l
≺
A
(z)b)x − z ≺
A
(l·
B
(b)x)− r
≺
B
(r·
A
(x)b)z}
+ {r
≺B
(a)(l
≺B
(c)y)− l
≺B
(c)(r
·B
(a)y)}+ {(r
≺A
(y)c) ≺
B
a
+ l
≺
A
(l
≺
B
(c)y)a − c ≺
B
(l·
A
(y)a)− r
≺
A
(r·
B
(a)y)c}
+ {r
≺
A
(x)(r
≺
A
(y)c)− r
≺
A
(y ·
A
x)c}
+ {l
≺
A
(z ≺
A
y)a− l
≺
A
(z)(l
·
A
(y)z)}+ {r
≺A
(x)(l
≺A
(z)b) − l
≺A
(z)(r
·A
(x)b)}
Besides, for any x, y, z ∈ A and for any a, b, c ∈ B, (x + a, y + b, z + c)m = (z + c, y + b, x + a)m and
(x+a, y+b, z+c)
l
= (z+c, y+b, x+a)r are equivalent to (l≻A , r≻A , l≺A , r≺A , B) is a bimodule of (A,≺A
,≻
A
), (l
≻B
, r
≻B
, l
≺B
, r
≺B
, A) is a bimodule of (B,≺
B
,≻
B
) and Eqs. (3.8a) - (3.8j) are satisfied. 
Definition 3.8. Let (A,≺
A
,≻
A
) and (B,≺
B
,≻
B
) be two pre-anti-flexible algebras. Suppose that
there are four linear maps l
≻A
, r
≻A
, l
≺A
, r
≺A
: A → End(B) such that (l
≻A
, r
≻A
, l
≺A
, r
≺A
, B) is a
bimodule of (A,≺
A
,≻
A
) and another four linear maps l
≻B
, r
≻B
, l
≺B
, r
≺B
: B → End(A) such that
(l
≻B
, r
≻B
, l
≺B
, r
≺B
, A) is a bimodule of (B,≺
B
,≻
B
) and Eqs. (3.8a) - (3.8j) hold. Then we call the ten-
tuple (A,B, l
≻A
, r
≻A
, l
≺A
, r
≺A
, l
≻B
, r
≻B
, l
≺B
, r
≺B
) amatched pair of the pre-anti-flexible algebras
(A,≺
A
,≻
A
) and (B,≺
B
,≻
B
). We also denote the pre-anti-flexible algebra defined by Eq. (3.9) by
A ⊲⊳
l
≻A
,r
≻A
,l
≺A
,r
≺A
l
≻B
,r
≻B
,l
≺B
,r
≺B
B or simply by A ⊲⊳ B.
Corollary 3.9. If (A,B, l
≻A
, r
≻A
, l
≺A
, r
≺A
, l
≻B
, r
≻B
, l
≺B
, r
≺B
) is a matched pair of the pre-anti-flexible
algebras (A,≺
A
,≻
A
) and (B,≺
B
,≻
B
) then (l
·
A
, r
·
A
, l
·
B
, r
·
B
, A,B) is a matched pair of anti-flexible
algebras aF (A) and aF (B).
Proof. Suppose that (A,B, l
≻A
, r
≻A
, l
≺A
, r
≺A
, l
≻B
, r
≻B
, l
≺B
, r
≺B
) is a matched pair of the pre-anti-
flexible algebras (A,≺
A
,≻
A
) and (B,≺
B
,≻
B
), where (l
≻A
, r
≻A
, l
≺A
, r
≺A
, B) is a bimodule of the pre-
anti-flexible algebra (A,≺
A
,≻
A
) and (l
≻B
, r
≻B
, l
≺B
, r
≺B
, A) is a bimodule of the pre-anti-flexible alge-
bra (B,≺
B
,≻
B
). According to Proposition 3.3, (l
·
A
, r
·
A
, B) is a bimodule of the anti-flexible algebra
aF (A) and (l
·
B
, r
·
B
, A) is a bimodule of the anti-flexible algebra aF (B). In addition, underlying
anti-flexible product defined on A ⊕ B in Eq. (3.9) is exactly that obtained from the matched pair
(l
·
A
, r
·
A
, l
·
B
, r
·
B
, A,B) of anti-flexible algebra aF (A) and aF (B). 
Theorem 3.10. Let (A,≺
A
,≻
A
) be a pre-anti-flexible algebra. Suppose there is a pre-anti-flexible
algebra structure ”≺
A∗
,≻
A∗
” on its dual space A∗. The following statements are equivalent:
(a) (A,A∗, R∗
≺
A
, L∗
≻
A
, R∗
≺
A∗
, L∗
≻
A∗
) is a matched pair of anti-flexible algebras aF (A) and aF (A∗).
(b) (A,A∗,−R∗
≻
A
,−L∗
≺
A
, R∗
·
A
, L∗
·
A
,−R∗
≻
A∗
,−L∗
≺
A∗
, R∗
◦
A∗
, L∗
◦
A∗
) is a matched pair of the pre-anti-
flexible algebras (A,≺
A
,≻
A
) and (A∗,≺
A∗
,≻
A∗
).
Proof. Let (A,≺
A
,≻
A
) be a pre-anti-flexible algebra. Suppose there is a pre-anti-flexible algebra
structure ”≺
A∗
,≻
A∗
” on its dual space A∗. According to Corollary 3.9, we have (b) =⇒ (a).
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If (A,A∗, R∗
≺
A
, L∗
≻
A
, R∗
≺
A∗
, L∗
≻
A∗
) is a matched pair of anti-flexible algebras aF (A) and aF (A∗),
According to Theorem 3.6, there exists an anti-flexible algebra structure on A⊕A∗ given by Eq. (3.6)
and a non-degenerate closed skew-symmetric bilinear form on A ⊕ A∗ given by Eq. (3.7). In view of
Theorem 1.5, there exists a pre-anti-flexible algebra structure ”≺,≻” defined on A⊕A∗ and satisfying
Eq. (1.7) i.e. for any x, y, z ∈ A and for any a, b, c ∈ A∗,
ω((x+ a) ≺ (y + b), (z + c)) = ω((x+ a), (y + b) ⋆ (z + c)),
ω((x+ a) ≻ (y + b), (z + c)) = ω((y + b), (z + c) ⋆ (x+ a)),
where ”⋆” is given by Eq. (3.6). More precisely, we have for any x, y, z ∈ A and for any a, b, c ∈ A∗,
ω(x+ a, (y + b) ⋆ (z + c)) = ω(x+ a, (y · z +R∗
≺
A
(b)z + L∗
≻
A
(c)y)
+ (b ◦ c+R∗
≺
A∗
(y)c+ L∗
≻
A∗
(z)b))
= 〈x, b ◦ c+R∗
≺
A∗
(y)c+ L∗
≻
A∗
(z)b)〉
− 〈y · z +R∗
≺
A
(b)z + L∗
≻
A
(c)y, a〉
= 〈x, b ◦ c〉+ 〈x ≺
A
y, c〉+ 〈z ≻
A
x, b〉 − 〈y · z, a〉
− 〈z, a ≺
A∗
b〉 − 〈y, c ≻
A∗
a〉
= 〈x ≺
A
y + L∗
◦
(b)x−R∗
≻A∗
(a)y, c〉
− 〈z, a ≺
A∗
b+ L∗
·
(y)a−R∗
≻A
(x)b〉
= ω((x ≺
A
y −R∗
≻A∗
(a)y + L∗
◦
(b)x)
+ (a ≺
A∗
b−R∗
≻A
(x)b+ L∗
·
(y)a), z + c).
Thus
(x+ a) ≺ (y + b) = (x ≺
A
y −R∗
≻A∗
(a)y + L∗
◦
(b)x) + (a ≺
A∗
b−R∗
≻A
(x)b+ L∗
·
(y)a).
Similarly, we have
(x+ a) ≻ (y + b) = (x ≺
A
y +R∗
◦
(a)y − L∗
≺A∗
(b)x) + (a ≺
A∗
b+R∗
·
(x)b− L∗
≺A
(y)a)
Therefore, (A,A∗,−R∗
≻
A
,−L∗
≺
A
, R∗
·
, L∗
·
,−R∗
≻
A∗
,−L∗
≺
A∗
, R∗
◦
, L∗
◦
) is a matched pair of the pre-anti-
flexible algebras (A,≺
A
,≻
A
) and (A∗,≺
A∗
,≻
A∗
). Hence (a) =⇒ (b) 
4. Pre-anti-flexible bialgebras
In this section, we are going to provide the definition of a pre-anti-flexible bialgebra and provide
they equivalent notions previously announced. To achieve this goal, we have
Theorem 4.1. Let (A,≺
A
,≻
A
) be a pre-anti-flexible algebra whose products are given by two linear
maps β∗
≻
, β∗
≺
: A ⊗ A → A. Suppose in addition that there is a pre-anti-flexible algebra structure
”≺
A∗
,≻
A∗
” on A∗ given by: ∆∗
≻
,∆∗
≺
: A∗ ⊗A∗ → A∗. Then the following relations are equivalent:
(a) (A,A∗, R∗
≺
A
, L∗
≻
A
, R∗
≺
A∗
, L∗
≻
A∗
) is matched pair of anti-flexible algebras aF (A) and aF (A∗).
(b) The fourth linear maps β
≻
, β
≺
: A∗ → A∗ ⊗ A∗ and ∆
≻
,∆
≺
: A → A ⊗ A satisfying for any
x, y ∈ A and for any a, b ∈ A∗,
∆
≻
(x · y)− (R
≺A
(y)⊗ id)∆
≻
(x)− (id ⊗ L·(x))∆≻(y) =
σ(id⊗ L
≻A
(y))∆
≺
(x) + σ(R·(x)⊗ id)∆≺(y)− σ∆≺(y · x),
(4.1a)
(σ(L·(y)⊗ id− id⊗R≺
A
(y)))∆
≺
(x) + (L
≻A
(x)⊗ id− id⊗R·(x))∆≻(y) =
(σ(L·(x)⊗ id− id⊗R≺
A
(x)))∆
≺
(y) + (L
≻
A
(y)⊗ id− id⊗R·(y))∆≻(x),
(4.1b)
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β
≻
(a ◦ b)− (R
≺A∗
(b)⊗ id)β
≻
(a)− (id⊗ L◦(a))β≻(b) =
σ(id ⊗ L
≻A∗
(b))β
≺
(a) + σ(R◦(a)⊗ id)β≺(b)− σβ≺(b ◦ a),
(4.1c)
(σ(L◦(b)⊗ id− id⊗R≺A∗ (b))β≺(a) + (L≻A∗ (a)⊗ id− id⊗R◦(a))β≻(b) =
(σ(L◦(a)⊗ id− id⊗R≺A∗ (a)))β≺(b) + (L≻A∗ (b)⊗ id− id⊗R◦(b))β≻(a),
(4.1d)
where R· = R≻A +R≺A , L· = L≻A + L≺A , R◦ = R≻A∗ +R≺A∗ and L◦ = L≻A∗ + L≺A∗ .
Proof. According to Remark 1.4, (R∗
≺
A
, L∗
≻
A
, A∗) and (R∗
≺
A∗
, L∗
≻
A∗
, A) are bimodules of aF (A) and
aF (A∗), respectively. Taking into account the following, for any x, y ∈ A and any a, b ∈ A∗
〈σ ◦∆
≺
(x · y), a⊗ b〉 = 〈∆
≺
(x · y), b⊗ a〉 = 〈x · y,R
≺A∗
(a)b〉 = 〈R∗
≺A∗
(a)(x · y), b〉,
〈∆
≻
(y · x), a⊗ b〉 = 〈y · x, a ≻
A∗
b〉 = 〈y · x,L
≻A∗
(a)b〉 = 〈L∗
≻A∗
(a)(y · x), b〉,
〈(R
≺A
(x)⊗ id)∆
≻
(y), a⊗ b〉 = 〈∆
≻
(y), R∗
≺A
(x)a⊗ b〉 = 〈L∗
≻A∗
(R∗
≺A
(x)a)y, b〉,
〈(id ⊗ L·(y))∆≻(x), a⊗ b〉 = 〈x, a ≻A∗ (L
∗
·
(y)b)〉 = 〈L∗
≻A∗
(a)x,L∗
·
(y)b〉 = 〈y · (L∗
≻A∗
(a)x), b〉,
〈σ(id ⊗ L
≻A
(x))∆
≺
(y), a⊗ b〉 = 〈y, b ≺
A∗
(L∗
≻
A
(x)a)〉 = 〈R∗
≺
A∗
(L∗
≻
A
(x)a)y, b〉,
〈σ(R·(y)⊗ id)∆≺(x), a ⊗ b〉 = 〈x, (R
∗
·
(y)b) ≺
A∗
a〉 = 〈R∗
≺
A∗
(a)x,R∗
·
(y)b〉 = 〈(R∗
≺
A∗
(a)x) · y, b〉,
we deduce that Eq. (4.1a) is equivalent to Eq. (1.2a).
Similarly, we get equivalence between Eqs. (4.1c) and (1.2b).
Besides, taking into account the following,
〈(σ(L·(y)⊗ id)∆≺(x), a⊗ b〉 = 〈x, (L
∗
·
(y)b) ≺
A∗
a〉 = 〈R∗
≺
A∗
(a)x,L∗
·
(y)b〉 = 〈y · (R∗
≺
A∗
(a)x), b〉,
〈(σ(id ⊗R
≺
A
(y)))∆
≺
(x), a⊗ b〉 = 〈x, b ≺
A∗
(R∗
≺
A
(y)a)〉 = 〈R∗
≺
A∗
(R∗
≺
A
(y)a)x, b〉,
〈(L
≻
A
(y)⊗ id)∆
≻
(x), a⊗ b〉 = 〈x, (L∗
≻
A
(y)a) ≻
A∗
b〉 = 〈L∗
≻
A∗
(L∗
≻
A
(y)a)x, b〉,
〈(id ⊗R·(y))∆≻(x), a⊗ b〉 = 〈x, a ≻A∗ (R
∗
·
(y)b)〉 = 〈L∗
≻
A∗
(a)x,R∗
·
(y)b〉 = 〈(L∗
≻
A∗
(a)x) · y, b〉,
we deduce equivalence between Eqs. (4.1b) and (1.2c).
Similarly, we get equivalence between Eqs. (4.1d) and (1.2d). 
Remark 4.2. Let x, y ∈ A and a, b ∈ A∗. Setting by ∆ = ∆
≺
+∆
≻
we have the following
〈β
≻
(a ◦ b), x⊗ y〉 = 〈a⊗ b,∆(x ≻ y)〉, 〈σβ
≺
(b ◦ a), x⊗ y〉 = 〈a⊗ b, σ∆(y ≺ x)〉,
〈(R≺A∗ (b)⊗ id)β≻(a), x ⊗ y〉 = 〈a⊗ b, (R≻(y)⊗ id)∆≺(x)〉,
〈(id ⊗ L◦(a))β≻(b), x⊗ y〉 = 〈a⊗ b, (id ⊗ L≻(x))∆(y)〉,
〈σ(id ⊗ L
≻
(b))β
≺
(a), x⊗ y〉 = 〈a⊗ b, (L
≺
(y)⊗ id)σ∆
≻
(x)〉,
〈σ(R◦(a)⊗ id)β≺(b), x⊗ y〉 = 〈a⊗ b, (id ⊗R≺(x))σ∆(y)〉,
〈(L
≻
(a)⊗ id)β
≻
(b), x ⊗ y〉 = 〈a⊗ b, (id ⊗R
≻
(y))∆
≻
(x)〉,
〈(id⊗R◦(a))β≻(b), x⊗ y〉 = 〈a⊗ b, (id⊗ L≻(x))σ∆(y)〉,
〈σ(L◦(b)⊗ id)β≺(a), x⊗ y〉 = 〈a⊗ b, (R≺(x)⊗ id)σ∆(y)〉,
〈σ(id ⊗R
≺
)β
≺
(a), x ⊗ y〉 = 〈a⊗ b, (L
≺
(y)⊗ id)∆
≺
(x)〉.
Considering above identities, we derive and can prove the following lemma and theorem
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Lemma 4.3. Let (A,≺
A
,≻
A
) be a pre-anti-flexible algebra whose products are given by the linear
maps β∗
≻
, β∗
≺
: A ⊗ A → A. Suppose in addition that there is a pre-anti-flexible algebra structure
”≺
A∗
,≻
A∗
” on its dual space A∗ given by: ∆∗
≻
,∆∗
≺
: A∗ ⊗ A∗ → A∗. Let x, y ∈ A. We have
Eq. (4.1c) is equivalent to
∆(x ≻ y)− (R
≻
(y)⊗ id)∆
≺
(x)− (id⊗ L
≻
(x))∆(y) =
(L
≺
(y)⊗ id)σ∆
≻
(x) + (id ⊗R
≺
(x))σ∆(y) − σ∆(y ≺ x). (4.2a)
Eq. (4.1d) is equivalent to
(id ⊗R
≻
(y))∆
≻
(x)− (L
≺
(y)⊗ id)∆
≺
(x) + (R
≺
(x)⊗ id− id⊗ L
≻
(x))σ∆(y) =
(R
≻
(y)⊗ id)σ∆
≻
(x)− (id⊗ L
≺
(y))σ∆
≺
(x) + (id ⊗R
≺
(x)− L
≻
(x)⊗ id)∆(y). (4.2b)
Theorem 4.4. Let (A,≺
A
,≻
A
) be a pre-anti-flexible algebra. Suppose in addition that there is a
pre-anti-flexible algebra structure ”≺
A∗
,≻
A∗
” on A∗ given by: ∆∗
≻
,∆∗
≺
: A∗ ⊗ A∗ → A∗. Then the
following relations are equivalent:
(a) (A,A∗, R∗
≺
A
, L∗
≻
A
, R∗
≺
A∗
, L∗
≻
A∗
) is matched pair of anti-flexible algebras aF (A) and aF (A∗).
(b) The two linear maps ∆
≻
,∆
≺
: A→ A⊗A satisfying Eqs. (4.1a), (4.1b), (4.2a) and (4.2b).
In addition we have
Definition 4.5. A pre-anti-flexible bialgebra structure on a vector space A is given by the four linear
maps ∆
≺
,∆
≻
: A→ A⊗A and β
≺
, β
≻
: A∗ → A∗ ⊗A∗, where A∗ is the dual of A, such that:
(a) the dual maps ∆∗
≺
,∆∗
≻
: A∗ ⊗ A∗ → A∗ induce a pre-anti-flexible algebra structure ≺
A∗
,≻
A∗
on A∗,
(b) the dual maps β∗
≺
, β∗
≻
: A⊗A→ A induce a pre-anti-flexible algebra structure ≺
A
,≻
A
on A,
(c) the linear maps ∆
≺
,∆
≻
satisfy Eqs. (4.1a), (4.1b), (4.2a) and (4.2b).
Theorem 4.6. Let (A,≺
A
,≻
A
) and (A∗,≺
A∗
,≻
A∗
) be two pre-anti-flexible algebras. The following
relations are equivalent:
(a) there is an anti-flexible algebra structure on aF (A) ⊕ aF (A∗) and a nondegenerate skew-
symmetric bilinear form ω is given by Eq. (3.7) and satisfying Eq. (1.6),
(b) (−R∗
≻
A
,−L∗
≺
A
, R∗
·
A
, L∗
·
A
,−R∗
≻
A∗
,−L∗
≺
A∗
, R∗
◦
A∗
, L∗
◦
A∗
, A,A∗) is a matched pair of the pre-anti-
flexible algebras (A,≺
A
,≻
A
) and (A∗,≺
A∗
,≻
A∗
),
(c) (R∗
≺
A
, L∗
≻
A
, R∗
≺
A∗
, L∗
≻
A∗
, A,A∗) is a matched pair of the underlying anti-flexible algebras aF (A)
and aF (A∗),
(d) (A,A∗) is a pre-anti-flexible bialgebra.
Definition 4.7. A homomorphism of pre-anti-flexible bialgebras (A,A∗,∆
≺A
,∆
≻A
, β
≺A∗
, β
≻A∗
) and
(B,B∗,∆
≺B
,∆
≻B
, β
≺B∗
, β
≻B∗
) is a homomorphism of pre-anti-flexible algebras ψ : A → B such that
its dual ψ∗ : B∗ → A∗ is also a homomorphism of pre-anti-flexible algebras i.e. for any x ∈ A, a ∈ B∗,
(ψ ⊗ ψ)∆
≺A
(x) = ∆
≺B
(ψ(x)), (ψ ⊗ ψ)∆
≻A
(x) = ∆
≻B
(ψ(x)),
(ψ∗ ⊗ ψ∗)β
≺B∗
(a) = β
≺A∗
(ψ∗(a)), (ψ∗ ⊗ ψ∗)β
≻B∗
(a) = β
≻A∗
(ψ∗(a)).
An invertible homomorphism of pre-anti-flexible bialgebras is an isomorphism of pre-anti-flexible al-
gebras.
Remark 4.8. According to Remark 4.2, if (A,A∗,∆≻,∆≺, β≻ , β≺) be a pre-anti-flexible bialgebra,
then its associated dual (A∗, A, β
≻
, β
≺
,∆≻,∆≺) is also a pre-anti-flexible bialgebra.
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5. Special pre-anti-flexible bialgebras and pre-anti-flexible Yang-Baxter equation
We deal here with a special class of pre-anti-flexible bialgebras provided by the linear maps ∆
≺
,∆
≻
:
A→ A⊗A defined by for any x ∈ A
∆≻(x) = (id ⊗ L·(x))r≻ + (R≺(x)⊗ id)σr≺ , (5.1a)
∆≺(x) = (id ⊗ L≻(x))r≺ + (R·(x)⊗ id)σr≻ , (5.1b)
which generate the an analogue equation of D-equation of dendriform algebras called pre-anti-flexible
Yang-Baxter equation. In the following of this paper, we will refer to both Eqs. (5.1a) and (5.1b) by
Eq. (5.1). Other similar referring are scattered throughout this paper.
Lemma 5.1. Let (A,≺,≻) be a pre-anti-flexible algebra and r
≺
, r
≻
∈ A⊗A. Consider ∆≺,∆≻ : A→
A⊗A two linear maps defined by Eq. (5.1). Then for any x ∈ A,
σ∆≻(x) = (L·(x)⊗ id)σr≻ + (id⊗R≺(x))r≺ , (5.2a)
σ∆≺(x) = (L≻(x)⊗ id)σr≺ + (id ⊗R·(x))r≻ , (5.2b)
∆(x) = (id⊗ L·(x))r≻ + (R≺(x)⊗ id)σr≺ + (id ⊗ L≻(x))r≺ + (R·(x)⊗ id)σr≻ , (5.2c)
σ∆(x) = (L·(x)⊗ id)σr≻ + (id⊗R≺(x))r≺ + (L≻(x)⊗ id)σr≺ + (id ⊗R·(x))r≻ . (5.2d)
As consequences following the definition given by Eq. (5.1) we have
• For any x, y ∈ A. By Eq. (5.2b) we have
∆≻(x · y) + σ∆≺(y · x) = (id ⊗ (L·(x · y) +R·(y · x)))r≻ + ((R≺(x · y) + L≻(y · x))⊗ id)σr≺ .
According to Eq. (3.4) we have
∆≻(x · y) + σ∆≺(y · x) = (id ⊗ (L·(x)L·(y) +R·(x)R·(y)))r≻
+ ((R≺(y)R≺(x) + L≻(y)L≻(x))⊗ id)σr≺ .
In addition
(R≺(y)⊗ id)∆≻(x) = (R≺(y)⊗ L·(x))r≻ + (R≺(y)R≺(x)⊗ id)σr≺
(id ⊗ L·(x))∆≻(y) = (id⊗ L·(x)L·(y))r≻ + (R≺(y)⊗ L·(x))σr≺
σ(id⊗ L≻(y))∆≺(x) = (L≻(y)L≻(x)⊗ id)σr≺ + (L≻(y)⊗R·(x))r≻
σ(R·(x)⊗ id)∆≺(y) = (L≻(y)⊗R·(x))σr≺ + (id⊗R·(x)R·(y))r≻ .
Thus
(R≺(y)⊗ id)∆≻(x) + (id ⊗ L·(x))∆≻(y)−∆≻(x · y) + σ(id⊗ L≻(y))∆≺(x)− σ∆≺(y · x)
+σ(R·(x)⊗ id)∆≺(y) = (R≺(y)⊗ L·(x) + L≻(y)⊗R·(x))(r≻ + σr≺).
Therefore Eq. (4.1a) is equivalent to the following
(R
≺
(y)⊗ L·(x) + L≻(y)⊗R·(x))(r≻ + σr≺) = 0, ∀x, y ∈ A. (5.3)
• Besides, for any x, y ∈ A we have
(L≻(x)⊗ id− id⊗R·(x))∆≻(y) = (L≻(x)⊗ L·(y))r≻ + (L≻(x)R≺(y)⊗ id)σr≺
− (id⊗R·(x)L·(y))r≻ − (R≺(y)⊗R·(x))σr≺
σ(L·(y)⊗ id− id⊗R≺(y))∆≺(x) = (L≻(x)⊗ L·(y))σr≺ + (id⊗ L·(y)R·(x))r≻
− (R≺(y)L≻(x)⊗ id)σr≺ − (R≺(y)⊗R·(x))r≻
Then
(L≻(x)⊗ id− id⊗R·(x))∆≻(y) + σ(L·(y)⊗ id− id⊗R≺(y))∆≺(x)
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−(L≻(y)⊗ id− id⊗R·(y))∆≻(x)− σ(L·(x)⊗ id− id⊗R≺(x))∆≺(y)
= (L≻(x)⊗ L·(y)−R≺(y)⊗R·(x)− L≻(y)⊗ L·(x) +R≺(x)⊗R·(y))(r≻ + σr≺)
+(([L≻(x), R≺(y)]− [L≻(y), R≺(x)]) ⊗ id)σr≺ + (id⊗ ([L·(y), R·(x)]− [L·(x), R·(y)]))r≻
= (L≻(x)⊗ L·(y)−R≺(y)⊗R·(x)− L≻(y)⊗ L·(x) +R≺(x)⊗R·(y))(r≻ + σr≺)
Note that the last equal sign in above equation is due to Eq. (3.1a) and Eq. (3.5).
Therefore, Eq. (4.1b) is equivalent to the following
(L≻(x)⊗ L·(y)−R≺(y)⊗R·(x)− L≻(y)⊗ L·(x) +R≺(x)⊗R·(y))(r≻ + σr≺) = 0, ∀x, y ∈ A. (5.4)
• Furthermore, by Eqs. (5.2c) and (5.2d) we have for any x, y ∈ A
∆(x ≻ y) + σ∆(y ≺ x) = (id ⊗ (L·(x ≻ y) +R·(y ≺ x)))r≻ + (id⊗ (R≺(y ≺ x) + L≻(x ≻ y)))r≺
+ ((R
≺
(x ≻ y) + L
≻
(y ≺ x))⊗ id)σr
≺
+ ((R·(x ≻ y) + L·(y ≺ x))⊗ id)σr≻
Taking into account to Eqs. (3.1b) and (3.1e) we have
∆(x ≻ y) + σ∆(y ≺ x) = (id⊗ (L
≻
(x ≻ y) +R
≺
(y ≺ x)))(r
≻
+ r
≺
)
+ ((L
≻
(y ≺ x) +R
≺
(x ≻ y))⊗ id)(σr
≻
+ σr
≺
)
+ (id⊗ (L
≻
(x)L
≺
(y) +R
≺
(x)R
≻
(y)))r
≻
+
+ ((L
≺
(y)L·(x) +R≻(y)R·(x))⊗ id)σr≻ .
Using Eqs. (5.2a) , (5.2c) and (5.2d) we have for any x, y ∈ A
(R
≻
(y)⊗ id)∆
≺
(x) = (R
≻
(y)⊗ L
≻
(x))r
≺
+ (R
≻
(y)R·(x)⊗ id)σr≻
(L
≺
(y)⊗ id)σ∆
≻
(x) = (L
≺
(y)L·(x)⊗ id)σr≻ + (L≺(y)⊗R≺(x))r≺
(id ⊗ L
≻
(x))∆(y) = (id⊗ L
≻
(x)L·(y))r≻ + (R≺(y)⊗ L≻(x))σr≺
+ (id⊗ L
≻
(x)L
≻
(y))r
≺
+ (R·(y)⊗ L≻(x))σr≻
(id⊗R
≺
(x))σ∆(y) = (L·(y)⊗R≺(x))σr≻ + (id ⊗R≺(x)R≺(y))r≺
+ (L
≻
(y)⊗R
≺
(x))σr
≺
+ (id ⊗R
≺
(x)R·(y))r≻
Thus
(R
≻
(y)⊗ id)∆
≺
(x) + (L
≺
(y)⊗ id)σ∆
≻
(x) + (id ⊗ L
≻
(x))∆(y) + (id ⊗R
≺
(x))σ∆(y)
= (id⊗ (L
≻
(x)L
≻
(y) +R
≺
(x)R
≺
(y)))(r
≻
+ r
≺
) + ((R
≻
(y)R·(x) + L≺(y)L·(x))⊗ id)σr≻
+(R
≺
(y)⊗ L
≻
(x) + L
≻
(y)⊗R
≺
(x))(σr
≻
+ σr
≺
) + (id⊗ (L
≻
(x)L
≺
(y) +R
≺
(x)R
≻
(y)))r
≻
+(R
≻
(y)⊗ L
≻
(x) + L
≺
(y)⊗R
≺
(x))(r
≺
+ σr
≻
)
Therefore, using Eq. (3.1c) we deduce that Eq. (4.2a) is equivalent to the following
(R
≻
(y)⊗ L
≻
(x) + L
≺
(y)⊗R
≺
(x))(r
≺
+ σr
≻
)
+(R
≺
(y)⊗ L
≻
(x) + L
≻
(y)⊗R
≺
(x))(σr
≻
+ σr
≺
)
+(id⊗ (L
≻
(x ≺ y) +R
≺
(y ≻ x)))(r
≻
+ r
≺
)
−((L
≻
(y ≺ x) +R
≺
(x ≻ y))⊗ id)(σr
≻
+ σr
≺
) = 0.
(5.5)
• Finally, in view of Lemma 5.1 we have for any x, y ∈ A
(id⊗R
≻
(y))∆
≻
(x) = (id ⊗R
≻
(y)L·(x))r≻ + (R≺(x)⊗R≻(y))σr≺
(L
≺
(y)⊗ id)∆
≺
(x) = (L
≺
(y)⊗ L
≻
(x))r
≺
+ (L
≺
(y)R·(x)⊗ id)σr≻
(R
≺
(x)⊗ id)σ∆(y) = (R
≺
(x)L·(y)⊗ id)σr≻ + (R≺(x)⊗R≺(y))r≺
+ (R≺(x)L≻(y)⊗ id)σr≺ + (R≺(x)⊗R·(y))r≻
(id⊗ L
≻
(x))σ∆(y) = (L·(y)⊗ L≻(x))σr≻ + (id ⊗ L≻(x)R≺(y))r≺
+ (L
≻
(y)⊗ L
≻
(x))σr
≺
+ (id⊗ L
≻
(x)R·(y))r≻
(R
≻
(y)⊗ id)σ∆
≻
(x) = (R
≻
(y)L·(x)⊗ id)σr≻ + (R≻(y)⊗R≺(x))r≺
(id ⊗ L
≺
(y))σ∆
≺
(x) = (L
≻
(x)⊗ L
≺
(y))σr
≺
+ (id⊗ L
≺
(y)R·(x))r≻
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(id⊗R
≺
(x))∆(y) = (id ⊗R
≺
(x)L·(y))r≻ + (R≺(y)⊗R≺(x))σr≺
+ (id ⊗R
≺
(x)L
≻
(y))r
≺
+ (R·(y)⊗R≺(x))σr≻
(L
≻
(x)⊗ id)∆(y) = (L
≻
(x)⊗ L·(y))r≻ + (L≻(x)R≺(y)⊗ id)σr≺
+ (L
≻
(x)⊗ L
≻
(y))r
≺
+ (L
≻
(x)R·(y)⊗ id)σr≻
According to Eq. (3.1d) we have for any x, y ∈ A
(id ⊗R
≻
(y))∆
≻
(x)− (L
≺
(y)⊗ id)∆
≺
(x) + (R
≺
(x)⊗ id− id⊗ L
≻
(x))σ∆(y)
−(R
≻
(y)⊗ id)σ∆
≻
(x) + (id⊗ L
≺
(y))σ∆
≺
(x)− (id⊗R
≺
(x)− L
≻
(x)⊗ id)∆(y)
= ((R
≺
(x)⊗R
≺
(x) + L
≻
(x)⊗ L
≻
(y))− (id ⊗ (L
≻
(x)R
≺
(y) +R
≺
(x)L
≻
(y))))(r
≻
+ r
≺
)
+ ((R
≺
(x)L
≻
(y) + L
≻
(x)R
≺
(y))⊗ id− (L
≻
(y)⊗ L
≻
(x) +R
≺
(y)⊗R
≺
(x)))(σr
≺
+ σr
≻
)
+ (R
≺
(x)⊗R
≻
(y) + L
≻
(x)⊗ L
≺
(y))(r
≻
+ σr
≺
)− (L
≺
(y)⊗ L
≻
(x) +R
≻
(y)⊗R
≺
(x))(r
≺
+ σr
≻
)
Therefore, Eq. (4.2b) is equivalent to the following
0 = ((R
≺
(x)⊗R
≺
(x) + L
≻
(x)⊗ L
≻
(y))− (id ⊗ (L
≻
(x)R
≺
(y) +R
≺
(x)L
≻
(y))))(r
≻
+ r
≺
)
+((R
≺
(x)L
≻
(y) + L
≻
(x)R
≺
(y))⊗ id− (L
≻
(y)⊗ L
≻
(x) +R
≺
(y)⊗R
≺
(x)))(σr
≺
+ σr
≻
) (5.6)
+(R
≺
(x)⊗R
≻
(y) + L
≻
(x)⊗ L
≺
(y))(r
≻
+ σr
≺
)− (L
≺
(y)⊗ L
≻
(x) +R
≻
(y)⊗R
≺
(x))(r
≺
+ σr
≻
)
Clearly, we have provided the proof of the following theorem
Theorem 5.2. Let (A,≺,≻) be a pre-anti-flexible algebra and r
≺
, r
≻
∈ A ⊗ A. Consider ∆
≺
,∆
≻
:
A → A ⊗ A two linear maps defined by Eq. (5.1) such that their dual maps ∆∗
≺
,∆∗
≻
: A∗ ⊗ A∗ → A∗
define a pre-anti-flexible algebra on A∗. Then (A,A∗) is a pre-anti-flexible bialgebra if and only if
∆≺,∆≻ satisfying Eqs. (5.3) - (5.6).
Lemma 5.3. Let A be a vector space and let ∆
≺
,∆≻ : A → A ⊗ A be two linear maps. Then
∆∗
≺
,∆∗
≻
: A∗ ⊗ A∗ → A∗ define a pre-anti-flexible algebra structure on A∗ if and only if the following
conditions are satisfied
(∆
≻
⊗ id)∆
≺
− (id ⊗∆
≺
)∆
≻
= (id ⊗ σ∆
≻
)σ∆
≺
− (σ∆
≺
⊗ id)σ∆
≻
, (5.7a)
((∆
≺
+∆
≻
)⊗ id)∆≻ − (id⊗∆≻)∆≻ = (id ⊗ σ∆≺)σ∆≺ − (σ(∆≺ +∆≻)⊗ id)σ∆≺ . (5.7b)
Proof. Denote by ”≺
A∗
,≻
A∗
” the bilinear products on A∗ defined respectively by ∆
≺
,∆
≻
, i.e. for any
x ∈ A and for any a, b ∈ A∗
〈a ≺
A∗
b, x〉 = 〈∆∗
≺
(a⊗ b), x〉 = 〈a⊗ b,∆
≺
(x)〉; 〈a ≻
A∗
b, x〉 = 〈∆∗
≻
(a⊗ b), x〉 = 〈a⊗ b,∆
≻
(x)〉.
Furthermore, according to Eq. (1.4) for any a, b, c ∈ A∗ and any x ∈ A, we have
〈(a, b, c)m , x〉 = 〈(a ≻A∗ b) ≺A∗ c− a ≻A∗ (b ≺A∗ c), x〉
= 〈(∆∗
≺
(∆∗
≻
⊗ id)−∆∗
≻
(id⊗∆∗
≺
))(a⊗ b⊗ c), x〉
〈(a, b, c)m , x〉 = 〈a⊗ b⊗ c, ((∆≻ ⊗ id)∆≺ − (id⊗∆≺)∆≻)(x)〉,
〈(c, b, a)m , x〉 = 〈(c ≻A∗ b) ≺A∗ a− c ≻A∗ (b ≺A∗ a), x〉
= 〈(∆∗
≺
σ(id ⊗∆∗
≻
σ)−∆∗
≻
σ(∆∗
≺
σ ⊗ id))(a⊗ b⊗ c), x〉
〈(c, b, a)m , x〉 = 〈a⊗ b⊗ c, ((id ⊗ σ∆≻)σ∆≺ − (σ∆≺ ⊗ id)σ∆≻)(x)〉,
〈(a, b, c)
l
, x〉 = 〈(a ≺
A∗
b+ a ≻
A∗
b) ≻
A∗
c− a ≻
A∗
(b ≻
A∗
c), x〉
= 〈(∆∗
≻
((∆∗
≺
+∆∗
≻
)⊗ id)−∆∗
≻
(id⊗∆∗
≻
))(a ⊗ b⊗ c), x〉
= 〈a⊗ b⊗ c, (((∆
≺
+∆
≻
)⊗ id)∆≻ − (id ⊗∆≻)∆≻)(x)〉,
〈(c, b, a)r , x〉 = 〈(c ≺A∗ b) ≺A∗ a− c ≺A∗ (b ≺A∗ a+ b ≻A∗ a), x〉
= 〈((id ⊗∆∗
≺
σ)∆∗
≺
σ − ((∆∗
≺
+∆∗
≻
)σ ⊗ id)∆∗
≺
σ)(a⊗ b⊗ c), x〉
= 〈a⊗ b⊗ c, ((id ⊗ σ∆
≺
)σ∆
≺
− (σ(∆
≺
+∆
≻
)⊗ id)σ∆
≺
)(x)〉.
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Therefore, (A∗,≺
A∗
,≻
A∗
) is a pre-anti-anti-flexible algebra if and only if Eqs. (5.7a) and (5.7b) are
satisfied. 
For a given pre-anti-flexible algebra (A,≺,≻) and two elements r
≺
, r
≻
in A ⊗ A given by r
≻
=∑
i
ai ⊗ bi and r≺ =
∑
i
ci ⊗ di, for any ai, bi, ci and di in A, we designate by
r
≻,12
=
∑
i
ai ⊗ bi ⊗ 1, r≻,13 =
∑
i
ai ⊗ 1⊗ bi, r≻,23 =
∑
i
1⊗ ai ⊗ bi, etc · · · ,
r
≺,12
=
∑
i
ci ⊗ di ⊗ 1, r≺,13 =
∑
i
ci ⊗ 1⊗ di, r≺,23 =
∑
i
1⊗ ci ⊗ di, etc · · · ,
where 1 is the unit element if (A,≺,≻) unitary, otherwise is a symbol playing a similar role as that of
the unit element on A. Then operations between two r
≺,.. , r≻,.. are in an obvious way. For instance,
r
≻,12
·r
≻,13
=
∑
i,j
ai·aj⊗bi⊗bj, r≻,13 ≺ r≻,23 =
∑
i,j
ai⊗aj⊗bi ≺ bj, r≺,23 ≻ r≺,12 =
∑
i,j
cj⊗ci ≻ dj⊗di, etc
and similarly
r
≺,12
≻ r
≻,13
=
∑
i,j
ci ≻ aj⊗di⊗ bj, r≻,13 ≺ r≺,23 =
∑
i,j
ai⊗ cj⊗ bi ≺ dj , r≺,23 · r≻,12 =
∑
i,j
aj⊗ ci · bj ⊗di,
and so on.
Proposition 5.4. Let (A,≺,≻) be a pre-anti-flexible algebra and r
≺
, r
≻
∈ A ⊗ A. Define ∆
≺
,∆
≻
:
A → A⊗ A by Eqs. (5.3) and (5.4). Then ∆∗
≺
,∆∗
≻
: A∗ ⊗ A∗ → A∗ define a pre-anti-flexible algebra
structure on A∗ if and only if the following equations are satisfied for any x ∈ A
(id⊗ id⊗ L≻(x))M(r)− (R≺(x)⊗ id⊗ id)N(r)
+(id⊗ id⊗R≺(x))P (r) − (L≻(x)⊗ id⊗ id)Q(r) = 0, (5.8a)
(id ⊗ id⊗ L·(x))M
′(r) + (id⊗ id⊗R·(x))N
′(r) +R′(x)
−(R≺(x)⊗ id⊗ id)P
′(r)− (L≻(x)⊗ id⊗ id)Q
′(r) = 0,
(5.8b)
where
M(r) = r
≺,23
· r
≻,12
+ r
≺,21
≺ r
≺,13
− r
≻,13
≻ r
≺,23
, P (r) = r
≻,12
· r
≺,23
+ r
≺,13
≻ r
≺,21
− r
≺,23
≺ r
≻,13
,
N(r) = r
≻,32
· r
≺,21
+ r
≺,31
≻ r
≺,23
− r
≺,21
≺ r
≻,31
, Q(r) = r
≺,21
· r
≻,32
+ r
≺,23
≺ r
≺,31
− r
≻,31
≻ r
≺,21
,
M ′(r) = r
≻,23 ≺ r≻,12 + r≻,21 ≻ r≻,13 − r≻,13 · r≻,23 + r≻,23 ≻ (r≺,12 + r≻,12) + (r≺,21 + r≻,21) ≺ r≻,13 ,
N ′(r) = r
≻,12
≻ r
≻,23
+ r
≻,13
≺ r
≻,21
− r
≻,23
· r
≻,13
+ (r
≺,12
+ r
≻,12
) ≺ r
≻,23
+ r
≻,13
≻ (r
≺,21
+ r
≻,21
),
P ′(r) = r
≺,32
≺ r
≺,21
+ r
≺,31
· r
≻,23
− r
≻,21
≻ r
≺,31
− (r
≺,21
+ r
≻,21
) ≺ r
≺,31
,
Q′(r) = r
≺,21
≻ r
≺,32
+ r
≻,23
· r
≺,31
− r
≺,31
≺ r
≻,21
− r
≺,31
≻ (r
≺,21
+ r
≻,21
),
and
R′(x) = [(id⊗ (R
≺
(x) + L
≻
(x))⊗ id)r
≺,32
] ≻ (r
≺,12
+ r
≻,12
)
− [((L
≺
(x) +R
≻
(x))⊗ id⊗ id)r
≺,31
] ≻ (r
≺,21
+ r
≻,21
).
Proof. Let x ∈ A. Setting r
≻
=
∑
i
ai ⊗ bi, r≺ =
∑
i
ci ⊗ di we have
(∆
≻
⊗ id)∆
≺
(x) =
∑
i
{aj ⊗ (ci · bj)⊗ (x ≻ di) + (dj ≺ ci)⊗ cj ⊗ (x ≻ di)
+ aj ⊗ ((bi · x) · bj)⊗ ai + (dj ≺ (bi · x))⊗ cj ⊗ ai}
= (id ⊗ id⊗ L≻(x))(r≺,23 · r≻,12 + r≺,21 ≺ r≺,13)
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+
∑
i
{aj ⊗ ((bi · x) · bj)⊗ ai + (dj ≺ (bi · x))⊗ cj ⊗ ai}
(id ⊗∆
≺
)∆
≻
(x) =
∑
i
{ai ⊗ cj ⊗ ((x · bi) ≺ dj) + ai ⊗ (bj · (x · bi))⊗ aj
+ (di ≺ x)⊗ cj ⊗ (ci ≻ dj) + (di ≺ x)⊗ (bj · ci)⊗ aj}
= (R≺(x)⊗ id⊗ id)(r≺,31 ≻ r≺,23 + r≻,32 · r≺,21)
+
∑
i
{ai ⊗ cj ⊗ ((x · bi) ≺ dj) + ai ⊗ (bj · (x · bi))⊗ aj}
(id⊗ σ∆
≻
)σ∆
≺
(x) =
∑
i
{(x ≻ di)⊗ (ci · bj)⊗ aj + (x ≻ di)⊗ cj ⊗ (dj ≺ ci)
+ ai ⊗ ((bi · x) · bj)⊗ aj + ai ⊗ cj ⊗ (dj ≺ (bi · x))}
= (L≻(x)⊗ id⊗ id)(r≺,21 · r≻,32 + r≺,23 ≺ r≺,31)
+
∑
i
{ai ⊗ ((bi · x) · bj)⊗ aj + ai ⊗ cj ⊗ (dj ≺ (bi · x))}
(σ∆
≺
⊗ id)σ∆
≻
(x) =
∑
i
{((x · bi) ≻ dj)⊗ cj ⊗ ai + aj ⊗ (bj · (x · bi))⊗ ai
+ (ci ≻ dj)⊗ cj ⊗ (di ≺ x) + aj ⊗ (bj · ci)⊗ (bi ≺ x)}
= (id ⊗ id⊗R≺(x))(r≺,13 ≻ r≺,21 + r≻,12 · r≺,23)
+
∑
i
{((x · bi) ≻ dj)⊗ cj ⊗ ai + aj ⊗ (bj · (x · bi))⊗ ai}
((∆
≺
+∆
≻
)⊗ id)∆≻(x) =
∑
i
{cj ⊗ (ai ≻ dj)⊗ (x · bi) + (bj · ai)⊗ aj ⊗ (x · bi)
+ aj ⊗ (ai · bj)⊗ (x · bi) + (dj ≺ ai)⊗ cj ⊗ (x · bi)
+ cj ⊗ ((di ≺ x) ≻ dj)⊗ ci + (bj · (di ≺ x))⊗ aj ⊗ ci
+ aj ⊗ ((di ≺ x) · bj)⊗ ci + (dj ≺ (di ≺ x))⊗ cj ⊗ ci}
= (id ⊗ id⊗ L·(x))(r≻,23 ≻ r≺,12 + r≻,21 · r≻,13
+ r
≻,23 · r≻,12 + r≺,21 ≺ r≻,13)
+
∑
i
{cj ⊗ ((di ≺ x) ≻ dj)⊗ ci + (bj · (di ≺ x))⊗ aj ⊗ ci
+ aj ⊗ ((di ≺ x) · bj)⊗ ci + (dj ≺ (di ≺ x))⊗ cj ⊗ ci}
(id⊗∆≻)∆≻(x) =
∑
i
{ai ⊗ aj ⊗ ((x · bi) · bj) + ai ⊗ (dj ≺ (x · bi))⊗ cj
+ (di ≺ x)⊗ aj ⊗ (ci · bj) + (di ≺ x)⊗ (dj ≺ ci)⊗ cj}
= (R≺(x)⊗ id⊗ id)(r≺,31 · r≻,23 + r≺,32 ≺ r≺,21)
+
∑
i
{ai ⊗ aj ⊗ ((x · bi) · bj) + ai ⊗ (dj ≺ (x · bi))⊗ cj}
(id⊗ σ∆
≺
)σ∆
≺
(x) =
∑
i
{(x ≻ di)⊗ (ci ≻ dj)⊗ cj + (x ≻ di)⊗ aj ⊗ (bj · ci)
+ ai ⊗ ((bi · x) ≻ dj)⊗ cj + ai ⊗ aj ⊗ (bj · (bi · x))}
= (L≻(x)⊗ id⊗ id)(r≺,21 ≻ r≺,32 + r≻,23 · r≺,31)
+
∑
i
{ai ⊗ ((bi · x) ≻ dj)⊗ cj + ai ⊗ aj ⊗ (bj · (bi · x))}
(σ(∆
≺
+∆
≻
)⊗ id)σ∆
≺
(x) =
∑
i
{((x ≻ di) ≻ dj)⊗ cj ⊗ ci + aj ⊗ (bj · (x ≻ di))⊗ ci
+ ((x ≻ di) · bj)⊗ aj ⊗ ci + cj ⊗ (dj ≺ (x ≻ di))⊗ ci
+ (ai ≻ dj)⊗ cj ⊗ (bi · x) + aj ⊗ (bj · ai)⊗ (bi · x)
+ (ai · bj)⊗ aj ⊗ (bi · x) + cj ⊗ (dj ≺ ai)⊗ (bi · x)}
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= (id ⊗ id⊗R·(x))(r≻,13 ≻ r≺,21 + r≻,12 · r≻,23
+ r
≻,13
· r
≻,21
+ r
≺,12
≺ r
≻,23
)
+
∑
i
{((x ≻ di) ≻ dj)⊗ cj ⊗ ci + aj ⊗ (bj · (x ≻ di))⊗ ci
+ ((x ≻ di) · bj)⊗ aj ⊗ ci + cj ⊗ (dj ≺ (x ≻ di))⊗ ci}
Then
(∆
≻
⊗ id)∆
≺
(x)− (id⊗∆
≺
)∆
≻
(x)− (id ⊗ σ∆
≻
)σ∆
≺
(x) + (σ∆
≺
⊗ id)σ∆
≻
(x) = A1(x) +A2(x)
+(id⊗ id⊗ L≻(x))(r≺,23 · r≻,12 + r≺,21 ≺ r≺,13)− (R≺(x)⊗ id⊗ id)(r≺,31 ≻ r≺,23 + r≻,32 · r≺,21)
+(id⊗ id⊗R≺(x))(r≺,13 ≻ r≺,21 + r≻,12 · r≺,23)− (L≻(x)⊗ id⊗ id)(r≺,21 · r≻,32 + r≺,23 ≺ r≺,31)
where
A1(x) =
∑
i
{aj ⊗ ((bi · x) · bj + bj · (x · bi))⊗ ai − ai ⊗ (bj · (x · bi) + (bi · x) · bj)⊗ aj}
A2(x) =
∑
i
{(dj ≺ (bi · x) + (x · bi) ≻ dj)⊗ cj ⊗ ai − ai ⊗ cj ⊗ ((x · bi) ≺ dj + dj ≺ (bi · x))}
By exchanging i and j, and using Remark 1.4 (a), we have A1(x) = 0.
Using Eqs. (1.5b) we have
A2(x) = (L≻(x)⊗ id⊗ id)(r≻,31 ≻ r≺,21)− (id⊗ id⊗ L≻(x))(r≻,13 ≻ r≺,23)
+ (R≺(x)⊗ id⊗ id)(r≺,21 ≺ r≻,31)− (id ⊗ id⊗R≺(x))(r≺,23 ≺ r≻,13).
Besides,
((∆
≺
+∆
≻
)⊗ id)∆≻(x)− (id ⊗∆≻)∆≻(x)− (id ⊗ σ∆≺)σ∆≺(x) + (σ(∆≺ +∆≻)⊗ id)σ∆≺(x)
= (id ⊗ id⊗ L·(x))(r≻,23 ≻ r≺,12 + r≻,21 · r≻,13 + r≻,23 · r≻,12 + r≺,21 ≺ r≻,13) +B(x)
+ (id ⊗ id⊗R·(x))(r≻,13 ≻ r≺,21 + r≻,12 · r≻,23 + r≻,13 · r≻,21 + r≺,12 ≺ r≻,23)+
− (R≺(x)⊗ id⊗ id)(r≺,31 · r≻,23 + r≺,32 ≺ r≺,21)− (L≻(x)⊗ id⊗ id)(r≺,21 ≻ r≺,32 + r≻,23 · r≺,31),
where B(x) = B1(x) +B2(x) +B3(x) +B4(x) +B5(x) with
B1(x) = −
∑
i
{ai⊗aj⊗((x·bi)·bj+bj ·(bi ·x))}, B2(x) =
∑
i
{cj⊗((di ≺ x) ≻ dj+dj ≺ (x ≻ di))⊗ci},
B3(x) =
∑
i
{((x ≻ di) ≻ dj+dj ≺ (di ≺ x))⊗cj⊗ci}, B4(x) =
∑
i
{(bj ·(di ≺ x)+(x ≻ di)·bj)⊗aj⊗ci}
B5(x) =
∑
i
{aj ⊗ (bj · (x ≻ di) + (di ≺ x) · bj)⊗ ci − ai ⊗ ((bi · x) ≻ dj + dj ≺ (x · bi))⊗ cj}.
Considering Remark 1.4 (a) we have
B1(x) = −(id⊗ id⊗ L·(x))(r≻,13 · r≻,23)− (id⊗ id⊗R·(x))(r≻,23 · r≻,13).
Using Eq. (3.1e) we have
B3(x) = (x ≻ (di ≻ dj) + (dj ≺ di) ≺ x)⊗ cj ⊗ ci − ((x ≺ di) ≻ dj + dj ≺ (di ≻ x))⊗ cj ⊗ ci
= (L
≻
(x)⊗ id⊗ id)(r
≺,31
≻ r
≺,21
) + (R
≺
(x)⊗ id⊗ id)(r
≺,21
≺ r
≺,31
)
− ((x ≺ di) ≻ dj + dj ≺ (di ≻ x))⊗ cj ⊗ ci.
By Eqs. (3.1b) and (3.1e) we have
B4(x) = (bj ≻ (di ≺ x) + (x ≻ di) ≺ bj)⊗ aj ⊗ ci + (bj ≺ (di ≺ x) + (x ≻ di) ≻ bj)⊗ aj ⊗ ci
= (L
≻
(x)⊗ id⊗ id)(r
≺,31
≺ r
≻,21
+ r
≺,31
≻ r
≻,21
)
+ (R
≺
(x)⊗ id⊗ id)(r
≻,21
≻ r
≺,31
+ r
≻,21
≺ r
≺,31
)
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− (bj ≺ (di ≻ x) + (x ≺ di) ≻ bj)⊗ aj ⊗ ci.
Furthermore, we have
B5(x) =
∑
i
{aj ⊗ (bj · (x ≻ di) + (di ≺ x) · bj)⊗ ci − ai ⊗ ((bi · x) ≻ dj + dj ≺ (x · bi))⊗ cj}
=
∑
i
{aj ⊗ (bj ≺ (x ≻ di) + bj ≻ (x ≻ di))⊗ ci + aj ⊗ ((di ≺ x) ≺ bj + (di ≺ x) ≻ bj)⊗ ci
− ai ⊗ ((bi · x) ≻ dj + dj ≺ (x · bi))⊗ cj} =
∑
i
{aj ⊗ (bj ≻ (x ≻ di) + (di ≺ x) ≺ bj)⊗ ci
− ai ⊗ ((bi · x) ≻ dj + dj ≺ (x · bi))⊗ cj}+
∑
i
{aj ⊗ (bj ≺ (x ≻ di) + (di ≺ x) ≻ bj)⊗ ci}
B5(x) =
∑
i
{aj ⊗ (bj ≺ (x ≻ di) + (di ≺ x) ≻ bj)⊗ ci}
The last equal sign in above equation is due to Eq. (1.5b) and changing indices i to j in the last term
of the first summation. Finally, we have
R′(x) =
∑
i
{cj ⊗ ((di ≺ x) ≻ dj + dj ≺ (x ≻ di))⊗ ci − ((x ≺ di) ≻ dj + dj ≺ (di ≻ x))⊗ cj ⊗ ci
− (bj ≺ (di ≻ x) + (x ≺ di) ≻ bj)⊗ aj ⊗ ci + aj ⊗ (bj ≺ (x ≻ di) + (di ≺ x) ≻ bj)⊗ ci}
R′(x) = [(id⊗R
≺
(x)⊗ id)r
≺,32
] ≻ (r
≺,12
+ r
≻,12
) + [(id⊗ L
≻
(x)⊗ id)r
≺,32
] ≺ (r
≺,12
+ r
≻,12
)
− [(L
≺
(x)⊗ id⊗ id)r
≺,31
] ≻ (r
≺,21
+ r
≻,21
)− [(R
≻
(x)⊗ id⊗ id)r
≺,31
] ≺ (r
≺,21
+ r
≻,21
).
Therefore, hold the equivalences. 
Remark 5.5. Considering the flipping map ”flp” defined on A ⊗ A such that for any elements
r, r′ ∈ A ⊗ A, flp(r ≺ r′) = r ≻ r′, flp(r ≻ r′ = r ≺ r′, we establish finally the following relations
P (r) = flp(M(r)), N(r) = σ13(flp(M(r))), Q(r) = flp(σ13(flp(M(r)))), with σ13(x⊗y⊗z) = z⊗y⊗x
for any x, y, z ∈ A. Besides, we also have N ′(r) = flp(M ′(r)) and Q′(r) = flp(P ′(r)).
Proposition 5.6. Let (A,≺,≻) be a pre-anti-flexible algebra and r
≺
, r
≻
∈ A ⊗ A. Define the linear
maps ∆
≺
,∆
≻
: A → A ⊗ A by Eq. (5.1). Then ∆∗
≺
,∆∗
≻
: A∗ ⊗ A∗ → A∗ define a pre-anti-flexible
algebra structure on A∗ if and only if the following equations are satisfied for any x ∈ A
((id⊗ id⊗ L≻(x))− (R≺(x)⊗ id⊗ id)σ13 ◦ flp+ (id⊗ id⊗R≺(x))flp
−(L≻(x)⊗ id⊗ id)flp ◦ σ13 ◦ flp)M(r) = 0, (5.9a)
((id⊗ id⊗ L·(x)) + (id⊗ id⊗R·(x))flp)M
′(r)
−((R≺(x)⊗ id⊗ id) + (L≻(x)⊗ id⊗ id)flp)P
′(r) +R′(x) = 0,
(5.9b)
where M(r) = r
≺,23
· r
≻,12
+ r
≺,21
≺ r
≺,13
− r
≻,13
≻ r
≺,23
,
M ′(r) = r
≻,23
≺ r
≻,12
+ r
≻,21
≻ r
≻,13
− r
≻,13
· r
≻,23
+ r
≻,23
≻ (r
≺,12
+ r
≻,12
) + (r
≺,21
+ r
≻,21
) ≺ r
≻,13
,
P ′(r) = r
≺,32
≺ r
≺,21
+ r
≺,31
· r
≻,23
− r
≻,21
≻ r
≺,31
− (r
≺,21
+ r
≻,21
) ≺ r
≺,31
,
R′(x) = [(id ⊗ (R
≺
(x) + L
≻
(x))⊗ id)r
≺,32
] ≻ (r
≺,12
+ r
≻,12
)
− [((L
≺
(x) +R
≻
(x))⊗ id⊗ id)r
≺,31
] ≻ (r
≺,21
+ r
≻,21
).
Theorem 5.7. Let (A,≺,≻) be a pre-anti-flexible algebra and r
≺
, r
≻
∈ A⊗A. Define the linear maps
∆
≺
,∆
≻
: A → A ⊗ A by Eq. (5.1). Then (A,A∗) is a pre-anti-flexible bialgebra if and only if r
≺
, r
≻
satisfy Eqs. (5.3) - (5.6), Eqs. (5.9a) and (5.9b).
In view of symmetries brought out by equations characterizing pre-anti-flexible bialgebras provided
by the linear maps given by Eq. (5.1), i.e. Eqs. (5.3) - (5.6), Eqs. (5.9a) and (5.9b), we will consider
pre-anti-flexible balgebras generated by r ∈ A⊗A in the following cases.
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Case1
r
≺
= r, r
≻
= −σr, r ∈ A⊗A. (5.10)
Corollary 5.8. Let (A,≺,≻) be a pre-anti-flexible algebra and r ∈ A ⊗ A. Then the maps
∆
≺
,∆
≻
defined by Eq. (5.1) with r
≻
, r
≺
given by Eq. (5.10) induce a pre-anti-flexible algebra
structure on A∗ such that (A,A∗) is a pre-anti-flexible bialgebra if and only if r satisfies the
following equations
(id⊗ (L
≻
(x ≺ y) +R
≺
(y ≻ x)) + ((L
≻
(y ≺ x) +R
≺
(x ≻ y))⊗ id)(r − σr)
−(R
≺
(y)⊗ L
≻
(x) + L
≻
(y)⊗R
≺
(x))(r − σr) = 0.
(5.11a)
0 = ((R
≺
(x)⊗R
≺
(x) + L
≻
(x)⊗ L
≻
(y)) + (L
≻
(y)⊗ L
≻
(x) +R
≺
(y)⊗R
≺
(x)))(r − σr)
+((R
≺
(x)L
≻
(y) + L
≻
(x)R
≺
(y))⊗ id + (id⊗ (L
≻
(x)R
≺
(y) +R
≺
(x)L
≻
(y))))(σr − r) (5.11b)
((id⊗ id⊗ L≻(x))− (R≺(x)⊗ id⊗ id)σ13 ◦ flp+ (id⊗ id⊗R≺(x))flp
−(L≻(x)⊗ id⊗ id)flp ◦ σ13 ◦ flp)M1(r) = 0, (5.11c)
((id ⊗ id⊗ L·(x)) + (id⊗ id⊗R·(x))flp)M
′
1(r) +R
′
1(x)
−((R≺(x)⊗ id⊗ id) + (L≻(x)⊗ id⊗ id)flp)P
′
1(r) = 0,
(5.11d)
where x, y ∈ A,
M1(r) = −r23 · r21 + r21 ≺ r13 + r31 ≻ r23
M ′1(r) = r32 ≺ r21 + r12 ≻ r31 − r31 · r32 − r32 ≻ (r12 − r21)− (r21 − r12) ≺ r31 ,
P ′1(r) = r32 ≺ r21 − r31 · r32 + r12 ≻ r31 − (r21 − r12) ≺ r31 , and
R′1(x) = [(id ⊗ (R≺(x) + L≻(x)) ⊗ id)r≺,32 ] ≻ (r12 − r21)
− [((L
≺
(x) +R
≻
(x))⊗ id⊗ id)r
31
] ≻ (r
21
− r
12
).
Remark 5.9. It is straight to identify M ′1(r) = P
′
1(r)− r32 ≻ (r12− r21) and setting in addition
σ
123
: A⊗A⊗A→ A⊗A⊗A, by σ
123
(x⊗ y ⊗ z) = z ⊗ y ⊗ x, we have
M ′1(r) = σ123(M1(r))− r32 ≻ (r12 − r21)− (r21 − r12) ≺ r31 .
Besides, if in addition r commutes then R′1(x) = 0 and Eqs. (5.11a) and (5.11b) are satisfied
and finally r satisfies the following equation
r
23
· r
12
= r
12
≺ r
13
+ r
13
≻ r
23
. (5.12)
Case2
r
≺
+ r
≻
= 0, r
≻
= r, r ∈ A⊗A. (5.13)
Corollary 5.10. Let (A,≺,≻) be a pre-anti-flexible algebra and r ∈ A ⊗ A. Then the maps
∆
≺
,∆
≻
defined by Eq. (5.1) with r
≻
, r
≺
given by Eq. (5.13) induce a pre-anti-flexible algebra
structure on A∗ such that (A,A∗) is a pre-anti-flexible bialgebra if and only if r satisfies the
following equations for any x, y ∈ A
(R
≺
(y)⊗ L·(x) + L≻(y)⊗R·(x))(r − σr) = 0, (5.14a)
(L≻(x)⊗ L·(y)−R≺(y)⊗R·(x)− L≻(y)⊗ L·(x) +R≺(x)⊗R·(y))(r − σr) = 0, (5.14b)
(R
≻
(y)⊗ L
≻
(x) + L
≺
(y)⊗R
≺
(x))(r − σr), (5.14c)
(R
≺
(x)⊗R
≻
(y) + L
≻
(x)⊗ L
≺
(y) + L
≺
(y)⊗ L
≻
(x) +R
≻
(y)⊗R
≺
(x))(r − σr) = 0, (5.14d)
((id⊗ id⊗ L≻(x))− (R≺(x)⊗ id⊗ id)σ13 ◦ flp+ (id⊗ id⊗R≺(x))flp
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−(L≻(x)⊗ id⊗ id)flp ◦ σ13 ◦ flp)M2(r) = 0, (5.14e)
((id ⊗ id⊗ L·(x)) + (id⊗ id⊗R·(x))flp)M
′
2(r)
−((R≺(x)⊗ id⊗ id) + (L≻(x)⊗ id⊗ id)flp)P
′
2(r) = 0,
(5.14f)
where
M2(r) = −r23 · r12 + r21 ≺ r13 + r13 ≻ r23 ,
M ′2(r) = −r13 · r23 + r23 ≺ r12 + r21 ≻ r13 ,
P ′2(r) = −r31 · r23 + r32 ≺ r21 + r21 ≻ r31 .
Remark 5.11. Clearly, we have P ′2(r) = σ123(M2(r)) and if r commutes then P
′
2(r) = M
′
2(r)
and Eqs. (5.14a) - (5.14d) are satisfied and finally r satisfied Eq. (5.12).
We finally deduct the following pre-anti-flexible bialgebras provided by a given r ∈ A⊗ A possessing
some internal symmetries while browsing A⊗A.
Corollary 5.12. Let (A,≺,≻) be a pre-anti-flexible algebra and consider symmetric element r ∈ A⊗A
satisfying Eq. (5.12). Then the linear maps ∆
≺
,∆
≻
defined by Eq. (5.1) with r
≻
= r and r
≺
= −r
induce a pre-anti-flexible algebra structure on A∗ such that (A,A∗) is a pre-anti-flexible bialgebra.
Definition 5.13. Let (A,≺,≻) be a pre-anti-flexible algebra and r ∈ A⊗A. The Eq. (5.12) is called
the pre-anti-flexible Yang-Baxter equation (PAFYBE) in (A,≺,≻).
Remark 5.14. We due the notion of pre-anti-flexible Yang-Baxter equation in pre-anti-flexible alge-
bras as an analogue of the anti-flexible Yang-Baxter equation in anti-flexible algebras ([6]) or classical
Yang-Baxter equation in Lie algebras ([7]) or the associative Yang-Baxter equation in associative
algebras ([1, 3]) and D-equation in dendriform algebras ([3]).
For no other specific reason than which showing that both dendriform and pre-anti-flexible algebras
possessing the same shape of dual bimodules (see Remark 3.5 (d)), to our amazement, D-equation
in dendriform algebras and PAFYBE in pre-anti-flexible algebras own the same form translated by
Eq. (5.12). This could making parallel with associative Yang-Baxter equation in associative algebras
and anti-flexible Yang-Baxter equation in anti-flexible algebras ([6]).
6. Solutions of the pre-anti-flexible Yang-Baxter equation
Let A be a vector space. For any r ∈ A⊗ A, r can be regarded as a linear map r : A∗ → A in the
following way:
〈r, u∗ ⊗ v∗〉 = 〈r(u∗), v∗〉, ∀u∗, v∗ ∈ A∗.
As PAFYBE in pre-anti-flexible algebras have the same form of the D-equation in dendriform algebra,
we omitted proofs (too similar to the case of dendriform algebra and related D-equation) of the
following in which (A,≺,≻) is a pre-anti-flexible algebra.
Proposition 6.1. For a given r ∈ A⊗A, r is a symmetric solution of the PAFYBE in A if and only
if for any x ∈ A and any a, b ∈ A∗
a ≺ b = −R∗
≻
(r(a))b+ L∗
·
(r(b))a, a ≻ b = R∗
·
(r(a))b− L∗
≺
(r(b))a,
a · b = a ≺ b+ a ≻ b = R∗
≺
(r(a))b + L∗
≻
(r(b))a,
x ≺ a = x ≺ r(a) + r(R∗
≻
(x)a)−R∗
≻
(x)a, x ≻ a = x ≻ r(a)− r(R∗
·
(x)a) +R∗
·
(x)a,
x · a = x · r(a)−R∗
≺
(x)a+R∗
≺
(x)a, a · x = r(a) · x− r(L∗
≻
(x)a) + L∗
≻
(x)a,
a ≺ x = r(a) ≺ x− r(L∗
·
(x)a) + L∗
·
(x)a, a ≻ x = r(a) ≻ x+ r(L∗
≺
(x)a)− L∗
≺
(x)a.
(6.1)
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Theorem 6.2. Consider a symmetric and non-degenerate element r ∈ A ⊗ A. Then r is a solution
of the PAFYBE in A if and only if the inverse homomorhpism A∗ → A induced by r regarded as a
bilinear form B on A (i.e. B(x, y) = 〈r−1(x), y〉, for any x, y ∈ A) and satisfies
B(x · y, z) = B(y, z ≺ x) +B(x, y ≻ z), for any x, y, z ∈ A. (6.2)
Corollary 6.3. Let r ∈ A ⊗ A be a symmetric solution of PAFYBE in A. Suppose in addition by
”≺
A∗
,≻
A∗
” the pre-anti-flexible algebra structure on A∗ induced by r via Proposition 6.1. Then we
have for any a, b ∈ A∗
a ≺
A∗
b = r−1(r(a) ≺
A
r(b)), a ≻
A∗
b = r−1(r(a) ≻
A
r(b)).
Therefore, r : A∗ → A is an isomorphism of pre-anti-flexible algebras.
Theorem 6.4. Let (A,≺,≻) be a pre-anti-flexible algebra and r ∈ A ⊗ A symmetric. Then, r is a
solution of PAFYBE if and only if its satisfies
r(a) · r(b) = r(R∗
≺
(r(a))b+ L∗
≻
(r(b))a), ∀a, b ∈ A∗.
Recall that a O-operator related to the bimodule (l, r, V ) of an anti-flexible algebra (A, ·) is a linear
map T : V → A satisfies
T (u) · T (v) = T (l(T (u))v + r(T (v))u), ∀u, v ∈ V.
In addition, for a given pre-anti-flexible algebra (A,≺,≻), according to Proposition 3.3 (b), (L
≻
, R
≺
, A)
is a bimodule of its underlying anti-flexible algebra aF (A). Furthermore, for any x, y ∈ A
id(x) · id(y) = id(L
≻
(id(x))y +R
≺
(id(y))x), (6.3)
then id : A→ A is an O-operator of aF (A) associated to the bimodule (L
≻
, R
≺
, A).
Corollary 6.5. Consider a symmetric element r ∈ A ⊗ A. Then r is a solution of PAFYBE in
A if and only if it is an O-operator of the underlying anti-flexible aF (A) associated to the bimodule
(R∗
≺
, L∗
≻
, A∗). Furthermore, there is a pre-anti-flexible algebra structure on A∗ given by
a ≺ b = L∗
≻
(r(b))a; a ≻ b = R∗
≺
(r(a))b; ∀a, b ∈ A∗,
which is the same of that associated to the pre-anti-flexible bialgebra derived on A∗ by Eq (6.1). If in
addition r is non degenerate, then there is a new compatible pre-anti-flexible algebraic structure given
on A by
x ≺′ y = r(L∗
≻
(y)r−1(x)), x ≻′ y = r(R∗
≺
(x)r−1(y)), ∀x, y ∈ A,
which is the pre-anti-flexible algebra structure given by
B(x ≺′ y, z) = B(x, y ∗ z), B(x ≻′ y, z) = B(y, z · x), ∀x, y, z ∈ A,
where B is given by B(x, y) = 〈r−1(x), y〉 for any x, y ∈ A and satisfies Eq. (6.2).
Taking into account [6, Proposition 2.7.] we have
Theorem 6.6. Let (A, ·) be an anti-flexible algebra, (l, r, V ) a bimodule of (A, ·) and T : V → A
an O-operator associated to (l, r, V ). Then r = T + σT is a symmetric solution of the PAFYBE in
T (V )⋉r∗,0,0,l∗ V
∗, where T (V ) ⊂ A is endowed with a pre-anti-flexible given by for any u, v ∈ V,
T (v) ≺ T (v) = T (r(T (v))u), T (u) ≻ T (v) = T (l(T (u))v),
such that (r∗, 0, 0, l∗, T (V )∗) is its associated bimodule and underlying anti-flexible algebra is a sub-
algebra of A, and finally T can be identified with an element in T (V ) ⊗ V ∗ ⊂ (T (V ) ⋉r∗,0,0,l∗ V
∗) ⊗
T (V )⋉r∗,0,0,l∗ V
∗.
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Considering the above theorem, Proposition 3.3 (b) and Eq. (6.3), we have
Corollary 6.7. Let (A,≺,≻) be a n-dimensional pre-anti-flexible algebra. Then the element
r =
n∑
i
(ei ⊗ e
∗
i + e
∗
i ⊗ ei)
is a symmetric solution of PAFYBE in A ⋉R∗
≺
,0,0,L∗
≻
A∗, where {e1, · · · , en} it a basis of A and
{e∗1, · · · , e
∗
n} its associated dual basis. Furthermore, r is non degenerate and it induced bilinear form
B on A⋉R∗
≺
,0,0,L∗
≻
A∗ is given by
B(x+ a, y + b) = 〈x, b〉+ 〈y, a〉, ∀x, y ∈ A, a, b ∈ A∗.
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